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ÅÉÓÁÃÙÃÇ ÊÁÉ ÐÅÑÉËÇØÇ

Ç èåùñßá ðïëõðëïêüôçôáò ðáñáäïóéáêÜ åíäéáöÝñåôáé ðåñéóóüôåñï ãéá Üíù
öñÜãìáôá óôçí ðïëõðëïêüôçôá åíüò áëãïñßèìïõ êáé ìéëÜ ëéãüôåñï ãéá ôçí
áíÜëõóç ôçò ìÝóçò ðïëõðëïêüôçôáò. ÕðÜñ÷ïõí âÝâáéá áëãüñéèìïé ìå ìå-
ãÜëá Üíù öñÜãìáôá, áëëÜ ðïëý ðéï ãñÞãïñïé óôçí ðñÜîç áðü Üëëïõò ìå
ìéêñüôåñá. ¸ôóé åßíáé ðïëý åíäéáöÝñïí íá Ý÷ïõìå ôçí ìÝóç ðïëõðëïêüôçôá
åíüò áëãïñßèìïõ Þ áêüìá êáëýôåñá êáé ôçí áóõìðôùôéêÞ êáôáíïìÞ ôçò êáé
íá ìðïñïýìå íá ôçí óõãêñßíïõìå ìå ôçí ðïëõðëïêüôçôá ôïõ £÷åéñüôåñïõ
ðáñáäåßãìáôïò¤.

Ï Áëãüñéèìïò ðïõ èá áíáëýóïõìå ãñÜöôçêå ãéá ðñþôç öïñÜ óôá óôïé÷åßá
ôïõ Åõêëåßäç. Âñßóêåé ôï ìÝãéóôï êïéíü äéáéñÝôç äýï áñéèìþí ìå ìïíáäéêü
åñãáëåßï ôçí áöáßñåóç, ìéá áðü ôéò äýï ðéï áðëïýóôåñåò êáé åýêïëåò óôç
õëïðïßçóç áðü Ýíáí õðïëïãéóôÞ ðñÜîåéò. Áí åðéôñÝøïõìå ìßá áêüìç ðñÜîç,
ôç äéáßñåóç ôüôå ðïëëÜ áöáéñåôéêÜ âÞìáôá ìðïñïýí íá áíôéêáôáóôáèïýí áðü
ìßá äéáßñåóç.

Ï Khintchin ÷ñçóéìïðïéïýóå ôá óõíå÷Þ êëÜóìáôá ãéá íá áíôëÞóåé áðï-
ôåëÝóìáôá ãéá ôç èåùñßá ìÝôñïõ. Ï Heilbronn åíäéáöÝñèçêå ãéá ìéá áñéèìï-
èåùñçôéêÞ åñþôçóç ðïõ üðùò ãñÜöåé óôï [4] ôïõ Ýèåóå ï J. Gillis: £Ðïéü åßíáé
ôï ìÝóïò ìÞêïò ìéáò ïéêïãÝíåéáò óõíå÷þí êëáóìÜôùí;¤. ÌÝóá óôçí áðü-
äåéîç áõôÞ ôïõ Heibronn âñÝèçêå ç áíÜëõóç ôçò ìÝóçò ðïëõðëïêüôçôáò ôïõ
Åõêëåéäåßïõ Áëãïñßèìïõ êáé ç éäÝá ãéá ôï ðþò èá ìåôñçèåß ï ìÝóïò áñéèìüò
âçìÜôùí ôïõ Áöáéñåôéêïý Åõêëåéäåßïõ Áëãïñßèìïõ [6]. Ç Vall�e [12][2004]
÷ñçóéìïðïéåß åíôåëþò äéáöïñåôéêÝò ìåèüäïõò (Tauberian analysis) êáé âñß-
óêåé ìéá åíéáßá ìÝèïäï ãéá ôçí áóõìðôùôéêÞ áíÜëõóç ðïëëþí áëãïñßèìùí
ðïõ ðåñéãñÜöïíôáé üëïé ìå áíÜëõóç óå åéäéêïý êÜèå öïñÜ åßäïõò óõíå÷Þ
êëÜóìáôá. Ãéá ìéá áêüìá öïñÜ óôá ìáèçìáôéêÜ, îå÷áóìÝíá áðïôåëÝóìáôá
áðïêôïýí íÝá áîßá õðü ôï ðñßóìá íÝùí èåùñéþí êáé ç ïñéáêÞ ðåñéï÷Þ ìåôáîý
äýï êëÜäùí äßíåé áõôÜ ðïõ ï êáèÝíáò îå÷ùñéóôÜ áäõíáôïýí íá äþóïõí, åíþ
ìéá ìÝèïäïò ðïõ Ýäùóå ðïëëÜ óçìáíôéêÜ áðïôåëÝóìáôá, åßíáé óêüðéìï íá
áíôéêáôáóôáèåß áðü ìéá íÝá.

Ç åñãáóßá áõôÞ îåêéíÜ ìå ìéá åéóáãùãÞ óôá óõíå÷Þ êëÜóìáôá. Óôç
óõíÝ÷åéá ãßíåôáé ìéá óýíôïìç åðéóêüðçóç óôéò Ýííïéåò ôçò Èåùñßáò Áñéèìþí
ðïõ èá ÷ñåéáóôïýìå ãéá ôï ÊåöÜëáéï 3. ÔÝëïò óôï KåöÜëáéï 3 ãßíåôáé ìéá
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áíáëõôéêÞ ðáñïõóßáóç ôïõ Üñèñïõ [6], ðïõ îåäéáëýíåé ðïëëÜ óçìåßá ðïõ óôçí
áñ÷éêÞ äçìïóßåõóç Þôáí äïóìÝíá ðïëý ðåñéëçðôéêÜ.

A. Ìéá åéóáãùãÞ óôá óõíå÷Þ êëÜóìáôá

A.1. ÐåðåñáóìÝíá óõíå÷Þ êëÜóìáôá. ¸íá ðåðåñáóìÝíï óõíå÷Ýò
êëÜóìá åßíáé ìéá Ýêöñáóç ôçò ìïñöÞò

x0 +
1

x1 +
1

x2 + . . .+
1
xN

;

ìå ìåôáâëçôÝò x1; x2; : : : ; xn. ¸íá óõíå÷Ýò êëÜóìá ìðïñåß íá èåùñçèåß óáí
óôïé÷åßï ôïõ óþìáôïò ôùí ñçôþí óõíáñôÞóåùí R(x1; : : : ; xn; : : : ) üðïõ R
åßíáé Ýíáò äáêôýëéïò ìå ìïíÜäá.

Ãéá ìåãáëýôåñç åõêïëßá èá ÷ñçóéìïðïéÞóïõìå ôï óõìâïëéóìü

=x0; x1; : : : ; xN= = x0 +
1

x1 +
1

x2 + . . .+
1
xN

:

Ïé ìåôáâëçôÝò x0; x1; : : : ; xn ìðïñïýí ãåíéêÜ íá ðÜñïõí ôéìÝò óôï R;C;Z
Þ óôï N. Ùóôüóï åìåßò ôéò ðåñéóóüôåñåò öïñÝò èá ôïõò äßíïõìå ôéìÝò ðïõ
áíÞêïõí óôï N Þ óôï Z.

Ïñéóìüò A.1. Ôá óõíå÷Þ êëÜóìáôá ìðïñïýí íá íá ïñéóôïýí áíáäñïìéêÜ
ùò åîÞò:

=x0= = x0;

=x0; : : : ; xn+1= = x0 +
1

=x1; : : : ; xn+1=
:

Êáô' áõôüí ôïí ôñüðï:

=x0; x1= = x0 +
1
x1

=
x0x1 + 1

x1

=x0; x1; x2= = x0 +
1

x1 +
1
x2

=
x0x1x2 + x2 + x0

x2x1
:

Ïñéóìüò A.2. Êáëïýìå ôá x0; x1; · · · ; xn ìåñéêÜ ðçëßêá Þ áðëÜ ðçëßêá
ôïõ óõíå÷ïýò êëÜóìáôïò.
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Ïñéóìüò A.3 (1A.3). Ãéá m ≤ N êáëïýìå ôï
rm = =xm; xm+1; · · · ; xN=(1)

ôï m-ïóôü ðëÞñåò ðçëßêï ôïõ óõíå÷ïýò êëÜóìáôïò =x0; x1; · · · ; xN=.
Ïñéóìüò A.4. Ïñßæïõìå áíáäñïìéêÜ ôá ðïëõþíõìá Qn(x1; x2; : : : ; xn)

óå n ìåôáâëçôÝò, ãéá n ≥ 0 ùò åîÞò:

Qn(x1; x2; : : : ; xn) =





1 áí n = 0
x1 áí n = 1
x1Qn−1(x2; : : : ; xn) +Qn−2(x3; : : : ; xn) áí n > 1

(2)

Èåþñçìá A.5 (L. Euler,1A.5). Ôï ðïëõþíõìï Qn(x1; x2; : : : ; xn) åßíáé
ôï Üèñïéóìá üëùí ôùí üñùí ðïõ ìðïñïýí íá êáôáóêåõáóôïýí îåêéíþíôáò
áðü ôï ãéíüìåíï:

1 · x1 · x2 · · ·xn
êáé ðáñáëåßðïíôáò 0 Þ ðåñéóóüôåñá ìç åðéêáëõðôüìåíá æåõãÜñéá äéáäï÷é-
êþí ìåôáâëçôþí xj · xj+1.

Êáô' áõôüí ôïí ôñüðï ðáßñíïõìå:
Q1(x1) = x1

Q2(x1; x2) = x1x2 + 1
Q3(x1; x2; x3) = x1x2x3 + x1 + x3

Q4(x1; x2; x3; x4) = x1x2x3x4 + x1x4 + x3x4 + x1x2 + 1:

Ïñéóìüò A.6. Ïñßæïõìå ôçí áêïëïõèßá (Fn)n∈N ôùí áñéèìþí Fibonacci
ùò åîÞò:

F0 = 0; F1 = 1
Fn+2 = Fn+1 + Fn; ãéá n ≥ 0:

Èåþñçìá A.7. Ôï ðëÞèïò ôùí üñùí ðïõ áèñïßæïíôáé óôï ðïëõþíõìï
Qn(x1; x2; : : : ; xn) éóïýôáé ìå ôïí áñéèìü Fibonacci Fn+1.

Ôá Q-ðïëõþíõìá åìöáíßæïõí ôçí åîÞò óõììåôñßá:
Qn+1(x0; x1; : : : ; xn) = Qn+1(xn; : : : ; x1; x0):

Áõôü áðïôåëåß Üìåóç óõíÝðåéá ôïõ ÈåùñÞìáôïò A.5: ç óõãêåêñéìÝíç ìåôÜ-
èåóç ôùí ìåôáâëçôþí ôïõ Q-ðïëõùíýìïõ äåí åðçñåÜæåé ôá æåýãç äéáäï÷éêþí
üñùí åíþ åðéðëÝïí åßíáé êáé ç ìïíáäéêÞ ìåôÜèåóç ìå áõôÞ ôçí éäéüôçôá. Óõ-
íåðþò ãéá n ≥ 2,

Qn(x1; x2; : : : ; xn) = xnQn−1(x1; : : : ; xn−1) +Qn−2(x1; : : : ; xn−2):
Ç âáóéêÞ éäéüôçôá ôçí ïðïßá èá ÷ñçóéìïðïéÞóïõìå åðáíåéëçììÝíá óôç óõ-
íÝ÷åéá åßíáé:



4 0. ÅéóáãùãÞ êáé Ðåñßëçøç

Èåþñçìá A.8 (1A.8).

=x0; x1; : : : ; xn= =
Qn+1(x0; x1; : : : ; xn)
Qn(x1; x2; : : : ; xn)

; (n ≤ N):

A.2. Áðü ôá Q-ðïëõþíõìá óôá óõíå÷Þ êëÜóìáôá. Ùóôüóï ôéò ðå-
ñéóóüôåñåò öïñÝò äåí ìáò åíäéáöÝñåé ç ìåëÝôç åíüò óõíå÷ïýò ùò ðáñÜóôá-
óçò ìå ìåôáâëçôÝò x1; : : : ; xn, áëëÜ ùò áíáðáñÜóôáóç åíüò ðñáãìáôéêïý (Þ
ìéãáäéêïý) áñéèìïý. Ôüôå èá óõìöùíÞóïõìå íá óõìâïëßæïõìå ôá ìåñéêÜ
ðçëßêá ùò a1; : : : ; an þóôå íá öáßíåôáé üôé ðñüêåéôáé ãéá áñéèìïýò êáé ü÷é
ãéá ìåôáâëçôÝò. Åðßóçò ïñßæïõìå ôéò áêïëïõèßåò pn; qn ùò åîÞò:

Ïñéóìüò A.9 (1C.1). Ãéá êÜèå áêïëïõèßá áêåñáßùí a0; a1; : : : ; aN êáé
ãéá êÜèå n ìå 0 ≤ n ≤ N èÝôïõìå:

pn = Qn+1(a0; a1; : : : ; an)
qn = Qn(a1; a2; : : : ; an):

Ôá
pn
qn

êáëïýíôáé n-ïóôïß êýñéïé óõãêëßíïíôåò áñéèìïß (principal con-

vergents), Þ áðëÜ óõãêëßíïíôåò ôïõ óõíå÷ïýò êëÜóìáôïò =a0; : : : ; aN=.
Åßíáé âïëéêü íá ïñßóïõìå ìåñéêïýò áêüìç âïçèçôéêïýò üñïõò:

p−2 = 0; p−1 = 1; q−2 = 1; q−1 = 0; q0 = 1:

Áðü ôï Èåþñçìá A.8:

=a0; a1; :::; an= =
pn
qn
; (n ≤ N):

Åßíáé ôþñá ðïëý åýêïëï íá ÷ñçóéìïðïéÞóïõìå ôá ãåíéêÜ áðïôåëÝóìáôá ãéá
ôá Q-ðïëõþíõìá þóôå íá óõíÜãïõìå áðïôåëÝóìáôá ãéá ôéò áêïëïõèßåò pn
êáé qn (âëÝðå ôïí Ïñéóìü A.9) êáé ôï óõíå÷Ýò êëÜóìá =a1; : : : ; an=. ÁõôÞ
åßíáé ç ðñïóÝããéóç ðïõ áêïëïõèåßôáé êáé óôá [7] êáé [11] åíþ üëá ôá Üëëá
âéâëßá ôçò âéâëéïãñáößáò äåí ïñßæïõí êáèüëïõ ôá Q-ðïëõþíõìá áëëÜ îå-
êéíïýí ïñßæïíôáò áðåõèåßáò ôéò áêïëïõèßåò pn êáé qn. Ùóôüóï ç ìåëÝôç
ôùí Q-ðïëõùíýìùí äåí äßíåé ìüíï ìéá ðëçñÝóôåñç ãåíéêÞ åéêüíá, áëëÜ Ý÷åé
åíäéáöÝñïí áêüìá êáé áíåîÜñôçôá áðü áõôü ôï óõãêåêñéìÝíï ðëáßóéï áí ìÜ-
ëéóôá óêåöôåß êáíåßò ôï Èåþñçìá A.5 êáé ôç óôåíÞ ó÷Ýóç ìå ôïõò áñéèìïýò
Fibonacci.

Èåþñçìá A.10 (1C.2). Ãéá n ≥ 0 êáé pn; qn üðùò óôïí Ïñéóìü A.9,

p0 = a0; pn = anpn−1 + pn−2;(3)
q0 = 1; qn = anqn−1 + qn−2;(4)
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pnqn−1 − pn−1qn = (−1)n−1;(5)
pn
qn
− pn−1

qn−1
=

(−1)n−1

qn−1qn
;(6)

pnqn−2 − pn−2qn = (−1)nan;(7)
pn
qn
− pn−2

qn−2
=

(−1)nan
qn−2qn

:(8)

Ðüñéóìá A.11. Áí ôá rn åßíáé üðùò óôçí ó÷Ýóç (1), ôüôå ãéá 2 ≤ n ≤
N ,

=a0; : : : ; an= =
pn
qn

=
rnpn−1 + pn−2

rnqn−1 + qn−2
:

A.3. ÁðëÜ óõíå÷Þ êëÜóìáôá.
Ïñéóìüò A.12. ¸íá óõíå÷Ýò êëÜóìá =a0; a1; : : : ; aN= åßíáé áðëü áí ôá

a0; : : : ; aN åßíáé áêÝñáéïé êáé
a0 ≥ 0; a1 > 0; : : : ; an > 0:

Èá Ý÷ïõìå ðÜíôá áõôÞ ôçí õðüèåóç ãéá ôï õðüëïéðï áõôïý ôïõ Êåöáëáßïõ.
Èåþñçìá A.13. Ãéá n > 2, qn > qn−1, êáé ãéá n ≥ 1, qn ≥ qn−1.
Èåþñçìá A.14. Ãéá n > 3, qn > n êáé ãéá n ≥ 1, qn ≥ n.
Èåþñçìá A.15. Ãéá n ≥ 0, ïé áñéèìïß Qn+1(a0; a1; : : : ; an) êáé

Qn(a1; a2; : : : ; an) åßíáé ó÷åôéêÜ ðñþôïé.
×ñçóéìïðïéþíôáò ôïí Ïñéóìü A.9, áõôü áðëÜ ëÝåé üôé (pn; qn) = 1.
Ôï åðüìåíï èåþñçìá áðïäåéêíýåé üôé ôá qn ìåãáëþíïõí åêèåôéêÜ ùò ðñïò

n. Ãéá ðåñéóóüôåñá ó÷åôßêÜ ìå ôçí áóõìðôùôéêÞ óõìðåñéöïñÜ ôùí qn ìðïñåß
êáíåßò íá áíáôñÝîåé óôá [10].

Èåþñçìá A.16 ( [5]). Ãéá üëá ôá n ≥ 2, qn ≥ 2
n−1

2 .
Èåþñçìá A.17. ÊÜèå ðåñéôôüò óõãêëßíùí åßíáé ìåãáëýôåñïò áðü êÜèå

Üñôéï.
Ðáñáôçñïýìå üôé:

=a0; a1; :::; an; 1= = =a0; a1; :::; an + 1=:(9)
Èåþñçìá A.18 ([3],1D.10). Áí äýï áðëÜ óõíå÷Þ êëÜóìáôá =a0; a1; :::; aN=

êáé =b0; b1; :::; bM= Ý÷ïõí ôçí ßäéá ôéìÞ x êáé aN > 1, bM > 1 ôüôå Ý÷ïõìå
M = N êáé ôá óõíå÷Þ êëÜóìáôá åßíáé ßäéá, äçë. áðïôåëïýíôáé áðü ôçí ßäéá
áêïëïõèßá ìåñéêþí ðçëßêùí.

Remark A.19. ×ñçóéìïðïéþíôáò ôçí (9), âëÝðïõìå üôé ôï ðñïçãïýìåíï
Èåþñçìá ìïíáäéêüôçôáò éó÷ýåé åðßóçò êáé óôçí ðåñßðôùóç ðïõ Ý÷ïõìå aN =
1; bN = 1.
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A.4. Ðüóï êïíôÜ óôï óõíå÷Ýò êëÜóìá åßíáé ïé óõãêëßíïôÝò; ¼ðùò
êáé ðñéí Ý÷ïõìå ai > 0 ãéá i ≥ 0, x = =a0; : : : ; aN= êáé rn = =an; : : : ; aN=.

Èåþñçìá A.20. Áí N > 1; n > 0, ôüôå ïé äéáöïñÝò

x− pn
qn
; qnx− pn

öèßíïõí óôáèåñÜ êáô' áðüëõôç ôéìÞ êáèþò ôï n ìåãáëþíåé. ÅðéðëÝïí

qnx− pn =
(−1)n�n
qn+1

;(10)

üðïõ

0 < �n < 1; ãéá 1 ≤ n ≤ N − 2; �N−1 = 1

êáé
∣∣x− pn

qn

∣∣ ≤ 1
qnqn+1

<
1
qn2

(11)

ãéá n ≤ N − 1. Êáé ïé äýï áíéóüôçôåò åßíáé áõóôçñÝò, åêôþò áðü ôçí
ðåñßðôùóç ðïõ n = N − 1.

A.5. ¢ðåéñá áðëÜ óõíå÷Þ êëÜóìáôá. Óå áõôÞ ôç åíüôçôá èá ïñßóïõìå
ôá Üðåéñá óõíå÷Þ êëÜóìáôá Ôá áñ÷éêÜ ôìÞìáôá ôùí Üðåéñùí óõíå÷þí êëá-
óìÜôùí åßíáé ðåðåñáóìÝíá óõíå÷Þ êëÜóìáôá. Èá áêïëïõèÞóïõìå óå âá-
óéêÝò ãñáììÝò ôçí ðáñïõóßáóç ôïõ [3]. Ãéá ðåñéóóüôåñá ó÷åôéêÜ ìå ôá
åíäéÜìåóá óõíå÷Þ êëÜóìáôá ìðïñåß êáíåßò íá áíáôñÝîåé óôá [5] êáé [11].

Ïñéóìüò A.21. ¸óôù a0; a1; a2; : : : ìéá Üðåéñç áêïëïõèßá áêåñáßùí ìå
a1 > 0; a2 > 0; : : : . Ôüôå ôï xn = =a0; a1; : : : ; an= åßíáé ãéá êÜèå n, Ýíá
áðëü óõíå÷Ýò êëÜóìá ðïõ áíáðáñéóôÜ Ýíáí ñçôü áñéèìü xn. Áí ï xn ôåßíåé
óôï üñéï x êáèþò n → ∞ ôüôå ëÝìå üôé ôï Üðåéñï áðëü óõíå÷Ýò êëÜóìá
=a0; a1; a2; : : : = óõãêëßíåé óôçí ôéìÞ x êáé ãñÜöïõìå

x = =a0; a1; a2; : : : =:

Èåþñçìá A.22. ¼ëá ôá Üðåéñá óõíå÷Þ êëÜóìáôá óõãêëßíïõí.
Óõíåðþò, ãéá êÜèå n, ïé n-ïóôïß óõãêëßíïíôåò åíüò Üðåéñïõ óõíå÷ïýò

êëÜóìáôïò ó÷çìáôßæïõí ìéá áõóôçñÜ öèßíïõóá áêïëïõèßá ç ïðïßá óõãêëßíåé
óôï x. Ãéá n ðåñéôôü, ïé n-ïóôïß óõãêëßíïíôåò ôïõ � ó÷çìáôßæïõí ìéá
áõóôçñÜ öèßíïõóá áêïëïõèßá ðïõ óõãêëßíåé óôï x. ¢ñá áí x = =a0; a1; : : : =
ôüôå:

p0

q0
<
p2

q2
< : : : <

p2m

q2m
< : : : < x < : : : <

p2n+1

q2n+1
< : : : <

p5

q5
<
p1

q1
êáé

lim
n→∞

p2n

q2n
= lim
n→∞

p2n+1

q2n+1
:
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Ïñéóìüò A.23. Ãéá êÜèå èåôéêü áêÝñáéï r ìå 1 ≤ r ≤ an+1 ïíïìÜæïõìå
ôï êëÜóìá

pnr + pn−1

qnr + qn−1

åíäéÜìåóï êëÜóìá.

Èåþñçìá A.24. Áí x = =a0; a1; : : : = ôüôå ç áêïëïõèßá
pn−1

qn−1
;
pn + pn−1

qn + qn−1
;
2pn + pn−1

2qn + qn−1
; : : : ;

an+1pn + pn−1

an+1qn + qn−1
=
pn+1

qn+1

åßíáé ìïíüôïíç: áýîïõóá ãéá ðåñéôôü n êáé öèßíïõóá ãéá Üñôéï n.

A.6. Óõíå÷Þ êëÜóìáôá êáé Åõêëåßäéïò Áëãüñéèìïò. Óå áõôÞ ôçí
åíüôçôá èá óõìâïëßæïõìå ôï äéáôåôáãìÝíï æåýãïò ìå ðñþôï óôïé÷åßï ôï x
êáé äåýôåñï ôï y ìå {x; y}:

Èåþñçìá A.25 (Èåþñçìá ôçò Äéáßñåóçò ãéá öõóéêïýò áñéèìïýò). ÅÜí
x ≥ y > 0 êáé x; y ∈ N, ôüôå õðÜñ÷ïõí ìïíáäéêïß áñéèìïß q ∈ N êáé
� ∈ N ôÝôïéïé þóôå

x = yq + � êáé 0 ≤ � < y:

Óõìâïëßæïõìå ôï õðüëïéðï � áõôÞò ôçò äéáßñåóçò ìå rem(x; y).

Èåþñçìá A.26 (Èåþñçìá ôçò Äéáßñåóçò ãéá ðñáãìáôéêïýò, ìå q ∈ N).
ÅÜí x ≥ y > 0 êáé x; y ∈ R, ôüôå õðÜñ÷ïõí ìïíáäéêïß áñéèìïß q ∈ N êáé
� ∈ R ôÝôïéïé þóôå

x = yq + � êáé 0 ≤ � < y:

ÅðéðëÝïí,

q = bx
y
c:(12)

Óõìâïëßæïõìå ôï õðüëïéðï � áõôÞò ôçò äéáßñåóçò ìå rem(x; y).

Ïñéóìüò A.27. ¸óôù äýï öõóéêïß áñéèìïß x; y. ËÝìå üôé ï y äéáéñåß
ôïí x êáé ãñÜöïõìå y | x, áí êáé ìüíï áí rem(x; y) = 0, êáé óõìâïëßæïõìå
ôïí ìÝãéóôï êïéíü äéáéñÝôç äýï öõóéêþí áñéèìþí x; y ìå (x; y):

Áëãüñéèìïò áíÜðôõîçò óå óõíå÷Ýò êëÜóìá. Óå êÜèå ðñáãìáôéêü
áñéèìü x áíôéóôïé÷ïýìå äýï ðåðåñáóìÝíåò Þ Üðåéñåò áêïëïõèßåò áêåñáßùí
a0; a1; : : : êáé �0; �1; : : : ðñáãìáôéêþí ùò åîÞò:

1. ¸óôù a0 = bxc; �0 = x− a0.

2. Áí Ý÷ïõí ïñéóôåß ôá a0; : : : ; an; �0; : : : ; �n, êáé �n 6= 0, ôüôå èÝóå

an+1 =
⌊ 1
�n

⌋
; �n+1 =

1
�n
− an+1
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3. Áí �n = 0 ôüôå ï áëãüñéèìïò ôåñìáôßæåé êáé áðïäßäåé ôá a0; a1; : : : ; an
êáé ôá �0; : : : ; �n.

Remark A.28. Ðáñáôçñåßóôå üôé ï áëãüñéèìïò åðéóôñÝöåé åðéðëÝïí êáé
ôá ðëÞñç ðçëßêá rn = =an; : : : ; aN= ôïõ x, áöïý ãéá �m 6= 0,

rm =
1
�m

:

Áò äïýìå üìùò ôß áêñéâþò êÜíåé ï áëãüñéèìïò. ¼óï åßíáé �n 6= 0, áõôüò

ï ïñéóìüò åããõÜôáé üôé 0 ≤ �n+1 < 1 Ýôóé ðïõ ï an+1 =
⌊ 1
�n

⌋
åßíáé Ýíáò

èåôéêüò áêÝñáéïò áõóôçñÜ ìåãáëýôåñïò ôïõ 1.
ÅÜí �n = 0 ôüôå ïé ðïóüôçôåò an+1 êáé �n+1 äåí ïñßæïíôáé êáé ï áëãü-

ñéèìïò óôáìáôÜåé, åðéóôñÝöïíôáò ôçí áêïëïõèßá a0; a1; : : : ; an ïðüôå ôï óõ-
íå÷Ýò êëÜóìá ðïõ áíôéóôïé÷åß óôï x åßíáé ôï =a0; a1; : : : ; an= êáé ï x åßíáé
ñçôüò.

Ìðïñåß êáíåßò íá Ý÷åé ìéá êáëýôåñç åéêüíá ãéá ôï ðùò ëåéôïõñãåß ï áëãü-
ñéèìïò åÜí ãñÜøåé ôá ôñßá ðñþôá âÞìáôÜ ôïõ:

x = a0 + �0 = a0 +
1

a1 + �1
= a0 +

1

a1 +
1

a2 + �2

= : : : :

Èåþñçìá A.29 (1G.5). ÅÜí n ≥ 0, êáé an; �n > 0 åßíáé ç áêïëïõèßá
ðïõ áíôéóôïé÷ßæåé óôï x ï áëãüñéèìïò áíÜðôõîçò óå óõíå÷Ýò êëÜóìá, ôüôå

x = =a0; : : : ; an + �n=:

Èåþñçìá A.30 (Ïñèüôçôá Áëãüñéèìïõ áíÜðôõîçò óå óõíå÷Ýò êëÜóìá).
(1G.6) Ãéá ôçí áêïëïõèßá a0; a1; : : : ; an ðïõ áíôéóôïé÷ßæåé óôï x ï áëãü-
ñéèìïò áíÜðôõîçò óå óõíå÷Ýò êëÜóìá, Ý÷ïõìå üôé:

(a) Áí x ñçôüò ôüôå ï áëãüñéèìïò ôåñìáôßæåé ìå �N = 0 ãéá êÜðïéï
N ≥ 0 êáé åßíáé x = =a0; : : : ; aN=, (ìå aN > 1 åÜí N 6= 0).

(b) Áí x Üññçôïò, ôüôå �n 6= 0 ãéá üëá ôá n, ïðüôå ï áëãüñéèìïò äåí
ôåñìáôßæåé, êáé

x = lim
n→∞

=a0; a1; : : : ; an=:

ÅÜí êÜíïõìå åöáñìüóïõìå ôïí áëãüñéèìï áíÜðôõîçò óå óõíå÷Ýò êëÜóìá
ãéá êÜðïéïõò ãíþñéìïõò áñéèìïýò ðáßñíïõìå:
423
720

= =1; 1; 2; 2; 1; 4=;

� = =3; 7; 15; 1; 292; 1; 1; 1; 2; 1; 3; 1; 14; 2; 1; 1; 2; 2; 2; 2; 1; 84; 2; 1; 1; 15; : : : =;
e = =2; 1; 2; 1; 1; 4; 1; 1; 6; 1; 1; 8; 1; 1; 10; 1; 1; 12; 1; 1; 14; 1; 1; 16; 1; 1; : : : =;
� = =1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; : : : =;
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üðïõ � =
1 +

√
5

2
.

Èåþñçìá A.31. ÊÜèå ñçôüò áñéèìüò x ìðïñåß íá áíáðáñáóôáèåß ìå Ýíá
ðåðåñáóìÝíï óõíå÷Ýò êëÜóìá. ÅðéðëÝïí áõôÞ ç áíáðáñÜóôáóç åßíáé ìïíá-
äéêÞ åÜí áðáéôÞóïõìå íá åßíáé aN > 1.

Proof. Áðü ôï èåþñçìá A.30 Ý÷ïõìå ìßá ðåðåñáóìÝíç áíáðáñÜóôáóç
ôïõ x ìå óõíå÷Ýò êëÜóìá. Áðü ôï Èåþñçìá A.18 Ý÷ïõìå üôé áõôÞ åßíáé
ìïíáäéêÞ. a

Èá äéáôõðþóïõìå ôþñá ôïí Åõêëåßäéï Áëãüñéèìï êáé èá äïýìå üôé ï áëãü-
ñéèìïò áíÜðôõîçò ôïõ x óå óõíå÷Ýò êëÜóìá ìðïñåß íá äéáôõðùèåß óáí ìéá
åéäéêÞ ðåñßðôùóç ôïõ Åõêëåéäåßïõ Áëãïñßèìïõ üôáí áõôüò åöáñìïóôåß óå
äýï áñéèìïýò x; y ∈ R.

Åõêëåßäåéïò Áëãüñéèìïò. Óå êÜèå æåýãïò ðñáãìáôéêþí áñéèìþí {x; y}
ìå x ≥ y > 0 áíáèÝôïõìå äýï ðåðåñáóìÝíåò Þ Üðåéñåò áêïëïõèßåò a1; a2; a3; : : :
êáé �−1; �0; �1; �2; : : : ùò åîÞò:

1. ¸óôù �−1 = x, �0 = y

2. Áí ôá �−1; : : : ; �i; a1; : : : ; ai Ý÷ïõí ïñéóèåß êáé �i 6= 0 ôüôå áðü ôï
Èåþñçìá ôçò Äéáßñåóçò, ðÜñå vi+1; ai+1 ôÝôïéá þóôå

�i−1 = �iai+1 + �i+1 0 ≤ �i+1 < �i:
3. Áí �i = 0 ôüôå ï áëãüñéèìïò ôåñìáôßæåé êáé áðïäßäåé �−1; �0; : : : ; �i−1

êáé a1; : : : ; ai.
Ï åõêëåßäéïò áëãüñéèìïò äïõëåýåé ãéá ôï æåýãïò {x; y} þò åîÞò:

x = y a1 + �1 0 < �1 < y
y = �1a2 + �2 0 < �2 < �1

�1 = �2a3 + �3 0 < �3 < �2

...
...

�n−3 = �n−2an−1 + �n−1 0 < �n−1 < �n−2

�n−2 = �n−1an �n = 0:
Áí x; y åßíáé èåôéêïß áêÝñáéïé, ôüôå îÝñïõìå üôé ï áëãüñéèìïò ôåñìáôßæåé
áöïý ôá õðüëïéðá ó÷çìáôßæïõí ìéá áõóôçñÜ öèßíïõóá áêïëïõèßá èåôéêþí
áêåñáßùí, ïðüôå ãéá êÜðïéï n ∈ N èá åßíáé �n+1 = 0. Áí ùóôüóï ôá x; y
åßíáé ðñáãìáôéêïß, ìðïñåß ï áëãüñéèìïò íá ìçí ôåñìáôßæåé, êáé ôüôå üëá ôá
õðüëïéðá åßíáé ãíÞóéá ìåãáëýôåñá ôïõ 0.

ÅðéðëÝïí áí x; y åßíáé èåôéêïß áêÝñáéïé, ôüôå ôï ôåëåõôáßï èåôéêü õðüëïéðï
�i−1 éóïýôáé ìå ôïí ìÝãéóôï êïéíü äéáéñÝôç ôùí x êáé y. Áõôü ìðïñåß êáíåßò
íá ôï äåé áí ëÜâåé õðüøéí ôïõ ôçí ðáñáêÜôù áðëÞ ðáñáôÞñçóç: áí

x = yq + � with 0 ≤ � < y;
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ôüôå ôá æåõãÜñéá {x; y} êáé {y; �} Ý÷ïõí áêñéâþò ôïõò ßäéïõò êïéíïýò äéáé-
ñÝôåò.

Èåþñçìá A.32. (a) Áí õëïðïéÞóïõìå ôïí Åõêëåßäåéï Áëãüñéèìï ãéá ôï
æåýãïò {x; 1} ôüôå x = =a1; : : : ; an; : : : = üðïõ a0; : : : ; an; : : : åßíáé ôá ðç-
ëßêá ðïõ åìöáíßæïíôáé óôïí Åõêëåßäåéï Áëãüñéèìï.

(b) Áí x =
h
k

ìå h ≥ k, ôá ßäéá ðçëßêá èá åìöáíéóôïýí êáé áí õëïðïéÞ-
óïõìå ôïí Åõêëåßäåéï Áëãüñéèìï ãéá ôï æåýãïò {h; k}.

Áîßæåé íá ðáñáôçñÞóåé êáíåßò üôé ï ëüãïò ãéá ôïí ïðïßï ôá an êáëïýíôáé
ìåñéêÜ ðçëßêá åßíáé üôé óõìðßðôïõí ìå ôá ðçëßêá ôá ïðïßá åìöáíßæïíôáé óôïí
Åõêëåßäåéï Áëãüñéèìï ãéá ôï æåõãÜñé {x; 1}.

Ç áíáðáñÜóôáóç ðïõ ìáò äßíåé ï áëãüñéèìïò áíÜðôõîçò óå óõíå÷Ýò êëÜ-
óìá ìáò äßíåé ôç äõíáôüôçôá íá áíáðáñéóôïýìå Ýíáí ðñáãìáôéêü áñéèìü ìå
ôïí âáèìü áêñßâåéáò, äçëáäÞ ôï ìÞêïò óõíå÷ïýò êëÜóìáôïò, ðïõ èá åðéëÝ-
îïõìå. Ç Üëëç áíáðáñÜóôáóç ðïõ ÷ñçóéìïðïéïýìå óõíÞèùò ãéá ôïõò ðñáã-
ìáôéêïýò áñéèìïýò åßíáé ç äåêáäéêÞ. Óôï ÅäÜöéï 1J èá áðïäåßîïõìå üôé ïé
ðñïóåããßóåéò ìå óõíå÷Þ êëÜóìáôá Ý÷ïõí ôçí éäéüôçôá íá åßíáé âÝëôéóôåò
ðñïóåããßóåéò (best approximations) ôùí áñéèìþí, éäéüôçôá ç ïðïßá Ý÷åé
éäéáßôåñç óçìáóßá ãéá ôçí èåùñçôéêÞ Ýñåõíá. Ðáñ' üë' áõôÜ üìùò áðïäåé-
êíýåôáé üôé åßíáé ðåñßðëïêï ôï íá êÜíåé êáíåßò ðñÜîåéò ìå óõíå÷Þ êëÜóìáôá
(âëÝðå Hurwitz 1891).

B. ÁíÜëõóç ìÝóçò ðïëõðëïêüôçôáò ôïõ Áöáéñåôéêïý Åõêëåé-
äåßïõ áëãïñßèìïõ

Óå áõôü ôï ìÝñïò ôçò äéðëùìáôéêÞò åñãáóßáò èá åðéèÝóïõìå ôçí áðüäåéîç
åíüò áóõìðôùôéêïý ôýðïõ ãéá ôçí ìÝóç ðïëõðëïêüôçôá ôïõ áöáéñåôéêïý
Åõêëåéäåßïõ áëãïñßèìïõ, ôï öçìéóìÝíï áðïôÝëåóìá ôùí Yao-Knuth áðü ôçí
äçìïóßåõóç [6].

B.1. ÐñïêáôáñêôéêÜ. Ôá áðïôåëÝóìáôá ðïõ èá ÷ñçóéìïðïéÞóïõìå êáé
Ý÷ïõí ó÷Ýóç ìå óõíå÷Þ êëÜóìáôá èá åßíáé ðïëý ëßãá, ùóôüóï åßíáé óç-
ìáíôéêü íá Ý÷åé êáíåßò ìéá ãåíéêüôåñç åîïéêåßùóç ìå ôá óõíå÷Þ êëÜóìáôá
êáèþò êáé ôá Q-ðïëõþíõìá ãéá íá êáôáíïÞóåé ôéò áðïäåßîåéò ôïõ ðñþôïõ
ìÝñïõò áõôïý ôïõ êåöáëáßïõ.

Áöáéñåôéêüò Åõêëåßäéïò áëãüñéèìïò. ÄïèÝíôùí äýï áñéèìþí, áíôéêá-
èéóôïýìå åðáíåéëçììÝíá ôïí ìåãáëýôåñï áðü ôïõò äýï ìå ôçí äéáöïñÜ ôùí
äýï ìÝ÷ñé êáé ïé äýï áñéèìïß íá åßíáé ßóïé. Ï ìÝãéóôïò êïéíüò äéáéñÝôçò ôùí
äýï áñéèìþí åßíáé ç êïéíÞ ôéìÞ.
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Ãéá ðáñÜäåéãìá:

{18; 42} → {18; 42− 18 = 24} → {18; 24− 18 = 6} → {18− 6 = 12; 6}
→ {12− 6 = 6; 6}:

åðïìÝíùò ç áðÜíôçóç åßíáé 6, åíþ ï áñéèìüò ôùí áöáéñåôéêþí âçìÜôùí åßíáé
4.

Ï áöáéñåôéêüò Åõêëåßäéïò Áëãüñéèìïò ìðïñåß íá äéáôõðùèåß ðéï áõóôçñÜ
ùò åîÞò:

1. Áí u = 1 Þ v = 1 óôáìÜôá áðïäßäïíôáò ôï 1 ùò áðÜíôçóç.
2. Áí u = v, óôáìÜôá áðïäßäïíôáò ôï u ùò áðÜíôçóç.
3. Áí u > v èÝóå u← u− v êáé ðÞãáéíå óôï 1:
4. Áí u < v èÝóå v ← v − u êáé ðÞãáéíå óôï 1.
Óôï ðáñÜäåéãìá ìáò ï Åõêëåßäéïò áëãüñéèìïò ìå ÷ñÞóç äéáßñåóçò åßíáé:

42 = 18 · 2 + 6
18 = 6 · 3 + 0

ç áíÜëõóç ôïõ
18
42

óå óõíå÷Ýò êëÜóìá åßíáé:

18
42

= 0 +
1

2 +
1
3

= 0 +
1

2 +
1

2 +
1
1

= =0; 2; 2; 1=

q1 = 2; q2 = 2

Ï áñéèìüò ôùí áöáéñåôéêþí âçìÜôùí åßíáé 2+2=4. Áõôü åßíáé ëïãéêü: ôï
íá äéáéñÝóïõìå äýï áñéèìïýò n;m ôÝôïéïõò þóôå n = q ·m + r, 0 ≤ r < n
åßíáé ôï ßäéï ìå ôï íá áöáéñïýìå ôï m áðü ôï n, q öïñÝò. (Èõìçèåßôå üôé ôá
ìåñéêÜ ðçëßêá óôïí áëãüñéèìï áíÜðôõîçò åíüò áñéèìïý óå óõíå÷Ýò êëÜóìá
äåí åßíáé Üëëá áðü ôá ðçëßêá óôïí Åõêëåßäéï Áëãüñéèìï.)

ÅðïìÝíùò ç äéáßñåóç 42 = 18 · 2+6 áíôéóôïé÷åß óôéò åîÞò äýï áöáéñÝóåéò:

{18; 42− 18 = 24} → {18; 24− 18 = 6};
åíþ ç äéáßñåóç 18 = 6 · 2 + 6 áíôéóôïé÷åß óôéò åîÞò äýï áöáéñÝóåéò:

{18− 6 = 12; 6} → {12− 6 = 6; 6}:
Óôï ðáñÜäåéãìÜ ìáò ïé äýï äõíáôÝò áíáëýóåéò óå óõíå÷Þ êëÜóìáôá åßíáé

=0; 2; 2; 1= êáé =0; 2; 3=. Ï ëüãïò ãéá ôïí ïðïßï åðéëÝãïõìå ôçí áíÜëõóç
=0; 2; 2; 1= êáé äåí ðñïóèÝôïõìå ôï ôåëåõôáßï 1 üôáí ìåôñÜìå ôá áöáéñåôéêÜ
âÞìáôá, åßíáé ðùò áí õëïðïéÞóïõìå ôïí ãíùóôü Åõêëåßäéï áëãüñéèìï áíôéêá-
èéóôþíôáò êÜèå äéáßñåóç ìå ôéò áíôßóôïé÷åò áöáéñÝóåéò, áíáãêáæüìáóôå íá
êÜíïõìå Ýíá åðéðëÝïí áöáéñåôéêü âÞìá áðü üôé áí õëïðïéïýóáìå ôïí Áöáéñå-
ôéêü Åõêëåßäéï Áëãüñéèìï ãéá ôïí ìÝãéóôï êïéíü äéáéñÝôç. Óôï ðáñÜäåéãìÜ
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ìáò áõôü åßíáé ôï {6; 6} → {6; 0}. (Ï áöáéñåôéêüò áëãüñéèìïò ôåñìáôßæåé
üôáí ïé äýï áñéèìïß ôïõ æåýãïõò åßíáé ßóïé.)

Ïñéóìüò B.1. ¸óôù r = r(m;n) ï áñéèìüò ôùí äéáéñÝóåùí ðïõ ðñá-
ãìáôïðïéåß ï Åõêëåßäéïò Áëãüñéèìïò.

Èåþñçìá B.2. Ãéá üëá ôá n ≥ m ≥ 2, r(m;n) ≤ 2 logm. ÅðïìÝíùò
r(m;n) = O(log n):

Ïñéóìüò B.3. ¸óôù S(n) ï ìÝóïò áñéèìüò âçìÜôùí ãéá íá õðïëïãß-
óïõìå ôïí (m;n) ìå ôïí Áöáéñåôéêü Åõêëåßäåéï Áëãüñéèìï, üôáí ôï m
êáôáíÝìåôáé ïìïéüìïñöá óôï äéÜóôçìá 1 ≤ m ≤ n:

Ôï êýñéï Èåþñçìá ðïõ èá áðïäåßîïõìå åßíáé:

Èåþñçìá B.4 (Yao and Knuth).

S(n) =
6
�2

(lnn)2 +O(logn(log log n)2)

Åßíáé öáíåñü üôé áõôÞ ç áðüäåéîç åßíáé áðïôÝëåóìá ìéáò ðïëý ðñïóåêôéêÞò
áíÜãíùóçò êáé óå âÜèïò êáôáíüçóçò ôïõ äçìïóéåýìáôïò [4]. Ùóôüóï ï Heil-
bronn ðñïóðÜèçóå íá áðáíôÞóåé ìéá áñéèìïèåùñçôéêÞ åñþôçóç, ç áðüäåéîç
ôçò ïðïßáò ôåëéêÜ öÜíçêå üôé ðåñéÝ÷åé ôçí áíÜëõóç ôçò ìÝóçò ðïëõðëïêüôç-
ôáò ôïõ (äéáéñåôéêïý) Åõêëåéäåßïõ áëãïñßèìïõ.

¸óôù bxc ï ìåãáëýôåñïò áêÝñáéïò ðïõ Ý÷åé ôçí éäéüôçôá íá åßíáé ìéêñü-
ôåñïò Þ ßóïò ôïõ x.

Ôüôå x mod y = x− ybx
y
c åßíáé ôï õðüëïéðï ôçò äéáßñåóçò ôïõ x ìå ôï y.

Áí 1 ≤ m ≤ n, ôüôå áðü ôïí áëãüñéèìï áíÜðôõîçò óå óõíå÷Ýò êëÜóìá
õðÜñ÷åé ìïíáäéêÞ (åîáéôßáò ôïõ 1 óôï ôÝëïò) ðåðåñáóìÝíç áêïëïõèßá áêå-
ñáßùí ôÝôïéá þóôå

m
n

= =0; q1; q2; : : : ; qr; 1=

ÅðéðëÝïí ôá qi åßíáé ôá ðçëßêá ðïõ åìöáíßæïíôáé óôïí Åõêëåßäåéï Áëãüñéèìï
(ðïõ ÷ñçóéìïðïéåß äéáßñåóç). ¸÷ïõìå 1 ≤ m ≤ n, åðïìÝíùò

m
n
≤ 1 Áò

õðïèÝóïõìå üôé ç åîßóùóç ôçò äéáßñåóçò ãéá ôï æåýãïò {n;m} åßíáé:

n = q1m+ r1; 0 ≤ r1 < m

Áí r1 = 0 ôüôå
m
n

=
m
q1m

=
1
q1

.

Áëëéþò áí r1 6= 0 åßíáé

m
n

=
1
n
m

=
1

mq1 + r1
m

=
1

q1 +
r1
m
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üðïõ

q1 = b n
m
c; r1

m
=
n mod m

m
< 1:

Ôþñá áöïý
n mod m

m
< 1 ìðïñïýìå íá óõíå÷ßóïõìå ôïí áëãüñéèìï áíôéêá-

èéóôþíôáò ôï
m
n

ìå
n mod m

n
.

Ï áñéèìüò ôùí áöáéñÝóåùí ãéá íá õðïëïãßóïõìå ôïí (m;n) åßíáé áêñéâþò
q1+q2+: : :+qr, åðåéäÞ áöáéñïýìå ôïí ìéêñüôåñï áêÝñáéï m áðü ôïí ìåãáëý-
ôåñï n £üóåò öïñÝò ìðïñïýìå¤, äçëáäÞ q1 =

⌊ n
m

⌋
öïñÝò, äçëáäÞ áöáéñïýìå

ìÝ÷ñé ôï õðüëïéðï íá åßíáé áõóôçñÜ ìéêñüôåñï áðü ôïí ìåãáëýôåñï áñéèìü.
Ôüôå êïéôÜìå ðüóåò öïñÝò ìðïñïýìå íá áöáéñÝóïõìå ôï ðñïçãïýìåíï õðü-
ëïéðï áðü ôïí ìéêñüôåñï áñéèìü. ¸ôóé âëÝðïõìå üôé ï Áöáéñåôéêüò Åõêëåß-
äåéïò êÜíåé áêñéâþò ôïõò ßäéïõò õðïëïãéóìïýò ìå ôïí Åõêëåßäéï Áëãüñéèìï,
áí óå áõôüí õëïðïéÞóïõìå ôç äéáßñåóç ìå äéáäï÷éêÝò áöáéñÝóåéò, Ýôóé þóôå
êÜèå äéáßñåóç ìå ðçëßêï q áíôéóôïé÷åß óå q áöáéñÝóåéò ôïõ ßäéïõ áñéèìïý.
Åêôþò âÝâáéá áðü ôï ôåëåõôáßï âÞìá, óôï ïðïßï êÜíïõìå q − 1 áöáéñÝóåéò,
þóôå íá êáôáëÞîïõìå óå äýï áñéèìïýò, ðïõ íá åßíáé ßóïé ìåôáîý ôïõò (êáé
ìå ôï ìÝãéóôï êïéíü äéáéñÝôç), áíôß íá êáôáëÞîïõìå ìå Ýíá 0 êáé ôï ìÝãéóôï
êïéíü äéáéñÝôç.

¸ôóé åÜí èÝóïõìå

C(m;n) = q1(m;n) + : : :+ qr(m;n)(m;n)

ôüôå ï ìÝóïò áñéèìüò âçìÜôùí ôïõ Áöáéñåôéêïý Åõêëåéäåßïõ áëãïñßèìïõ èá
åßíáé

S(n) =
∑
m C(m;n)

n
=

∑n
m=1

∑r(m;n)
i=1 qi(m;n)
n

(13)

(ôï m åßíáé ïìïéüìïñöá êáôáíåìçìÝíï óôï [1; n] êáé Ýôóé ç ðéèáíüôçôá íá

ðåôý÷ïõìå ìéá óõãêåêñéìÝíç ôéìÞ ôïõ m åßíáé
1
n

.)
Óôç óõíÝ÷åéá èá áíÜãïõìå ôï ðñüâëçìá ôïõ õðïëïãéóìïý ôïõ áèñïßóìá-

ôïò ôùí ðçëßêùí qi, óôï ðñüâëçìá ôïõ õðïëïãéóìïý ôïõ ðëÞèïõò ôùí ëýóåùí
ôçò åîßóùóçò xx′ + yy′ = n êÜôù áðü óõãêåêñéìÝíåò óõíèÞêåò.

Ïñéóìüò B.5. Ãéá n ≥ 1, ìéá ôåôñÜäá {x; x′; y; y′} åßíáé ìéá H-áíáðáñ-
áóôáóç ôïõ n áí

n = xx′ + yy′; (x; y) = 1

x > y > 0; x′ ≥ y′ > 0:

Ôï üíïìá H-áíáðáñÜóôáóç äüèçêå áðü ôïõò Yao êáé Knuth ðñïò ôéìÞí
ôïõ Hans Heilbronn, ìéá êáé åßíáé ìéá åëáöñþò ôñïðïðïéçìÝíç ìïñöÞ ìéáò
áíáðáñÜóôáóçò ðïõ üñéóå ðñþôïò ï Heilbronn óôï äçìïóßåõìá [4].
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Èåþñçìá B.6 (3A.7). ÕðÜñ÷åé ìéá 1-1 áíôéóôïé÷ßá ìåôáîý ôùí H-áíá-
ðáñáóôÜóåùí ôïõ n êáé ôùí äéáôåôáãìÝíùí æåõãþí {m; j} üðïõ

0 < m <
1
2
n; and 1 ≤ j ≤ r(m;n):

ÅðéðëÝïí åÜí ç {xj ; x′j ; yj ; y′j} áíôéóôïé÷åß óôï æåýãïò {m; j}, êáé qj åßíáé
ôï j + 1-ïóôü ìåñéêü ðçëßêï óôï óõíå÷Ýò êëÜóìá

m
n

= =0; q1; q2; : : : ; qj ; : : : ; qr; 1=;

ôüôå
yj
xj

= =0; qj ; : : : ; q1=
y′j
x′j

= =0; qj+1; : : : ; qr; 1=

êáé óõíåðþò

bxj
yj
c = qj :(14)

Áò óçìåéùèåß åäþ üôé ç áðüäåéîç óôï Èåþñçìá B.6 ðïõ èá äþóïõìå åäþ
äåí åßíáé ç ßäéá ìå áõôÞ ðïõ ðáñïõóéÜæåôáé óôç äçìïóßåõóç ôùí Yao êáé
Knuth, áëëÜ åßíáé ðïëý ðáñüìïéá ìå ôçí áðüäåéîç ðïõ Ýäùóå ï Heilbronn
óôï [4] êáé äßíåé ìéá ðïëý êáëýôåñç åðïðôåßá ãéá ôï ôß áêñéâþò åßíáé ìéá
H-áíáðáñÜóôáóç. Ïé áíáäñïìéêÝò éäéüôçôåò ôùí H-áíáðáñáóôÜóåùí ðïõ
áíáäåéêíýïíôáé áðü ôçí áðüäåéîç ôùí Yao êáé Knuth ðáñïõóéÜæïíôáé óôï
ÐáñÜñôçìá.

Ðüñéóìá B.7 (3A.8).

nS(n) = 2
∑

bx
y
c+ 1− (n mod 2)

üðïõ ôï Üèñïéóìá åßíáé ãéá üëåò ôéò H-áíáðáñáóôÜóåéò ôïõ n.

Óõìâïëßæïõìå ìå
∑′bx

y
c

ôï Üèñïéóìá ãéá üëåò ôéò H-áíáðáñáóôÜóåéò ôïõ n ìå x′y < 1
2n.

Ôüôå éó÷ýåé
∑

bx
y
c =

∑′bx
y
c+O(n log n):(15)

B.2. ÁíáãùãÞ ôïõ ðñïâëÞìáôïò. Ôï ðáñáêÜôù èåþñçìá êáèïñßæåé

ðïéÝò H-áíáðáñáóôÜóåéò ôïõ n éêáíïðïéïýí ôçí x′y <
1
2
n, êáé óõíåðþò

ìáò äßíåé Ýíáí ôñüðï íá õðïëïãßóïõìå ôï Üèñïéóìá
∑′bx

y
c.
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Èåþñçìá B.8. Áí x′; y > 0 êáé x′y < 1
2n, ôüôå õðÜñ÷ïõí H-áíáðáñá-

óôÜóåéò (x; x′; y; y′) ôïõ n áí êáé ìüíïí áí

(y; n) = (y; x′):

Êáé üôáí áõôü éó÷ýåé õðÜñ÷ïõí áêñéâþò (y; n)
∏

(1 − p−1) ôÝôïéåò H-áíá-
ðáñáóôÜóåéò, üðïõ ôï ãéíüìåíï åßíáé ãéá üëïõò ôïõò ðñþôïõò p ïé ïðïßïé
äéáéñïýí ôïí (y; n) áëëÜ ü÷é ôï

y
(y; n)

.

Ïñéóìüò B.9. ¸óôù

P (n) =
�(n)
n

=
∏

p|n

(
1− 1

p

)

êáé Ýóôù P (n \m) ôï ðáñüìïéï ãéíüìåíï ãéá üëïõò ôïõò ðñþôïõò ðïõ äéáé-
ñïýí ôï n áëëÜ ü÷é ôï m, äçëáäÞ

P (n \m) =
∏
p|n
p-m

(
1− 1

p

)
:

Èåþñçìá B.10. Ãéá êÜèå n ≥ 2,
∑

bx
y
c =

∑

m|n

∑

(j;m)=1

P (
n
m
\ j)

∑
(k;j)=1

1≤k< m2
2nj

m
jk

+O(n log n · log log n);(16)

üðïõ ôï Üèñïéóìá óôá áñéóôåñÜ åßíáé ãéá üëåò ôéò H-áíáðáñáóôÜóåéò
(x; x′; y; y′) ôïõ n. ÅðïìÝíùò,

nS(n) = 2
∑

m|n

∑

(j;m)=1

P (
n
m
\ j)

∑
(k;j)=1

1≤k< m2
2nj

m
jk

+O(n log n · log log n):(17)

B.3. Áóõìðôùôéêïß ôýðïé. Óå áõôÞ ôç åíüôçôá èá áðïäåßîïõìå ìåñé-
êïýò áóõìðôùôéêïýò ôýðïõò ôïõò ïðïßïõò óôç óõíÝ÷åéá èá ÷ñçóéìïðïéÞ-
óïõìå ãéá íá ðñïóåããßóïõìå ôï S(n). Èá ÷ñçóéìïðïéÞóïõìå ðïëëÝò èåìå-
ëéþäåéò éäÝåò êáé Ýííïéåò ôçò èåùñßáò áñéèìþí.

ËÞììá B.11. Aí p ðñþôïò áñéèìüò,
∑

p|n

log p
p

= O(log log n):

ËÞììá B.12.
∑

d|n

�(d)
d

ln(
1
d
) =

∑

p|n

ln p
p
P (n \ p) = O(log log n):(18)
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ËÞììá B.13.
∑

d|n

ln d
d

= O
(
(log log n)2

)
:(19)

ËÞììá B.14. Ãéá êÜèå x êáé êÜèå j,
∑

(k;j)=1
k<x

1
k

= P (j) lnx+O(log log j):

Ïñéóìüò B.15. Ïñßæïõìå ôï �d(r) ùò åîÞò:

�d(r) =
{
�(r), if (d; r) = 1
0, áëëéþò.

ËÞììá B.16.
∑

(j;m)=1
j<x

P (j \ d)
j

= P (m) lnx
∑

(r;m)=1
r<x

�d(r)
r2

+O(log logm)

(ëåßðåé ç áðüäåéîç, 20 Óåðôåìâñßïõ)

ËÞììá B.17.
∑

(j;m)=1
j<x

P (j \ d) ln j
j

=
1
2
P (m)(lnx)2

∑
(r;m)=1
r<x

�d(r)
r2

+O(log x log logm):

(ëåßðåé ç áðüäåéîç, 20 Óåðôåìâñßïõ)
B.4. ÊáôáëçêôéêÜ âÞìáôá. Áðü ôïí ïñéóìü ôïõ P (n) åßíáé öáíåñü üôé:

P (a \ b)P (b) = P (ab) = P (b \ a)P (a)

¸óôù N =
m2

2n
. Áðü ôï Èåþñçìá B.10, Ý÷ïõìå üôé

∑
bx
y
c =

∑

m|n
m

∑
(j;m)=1
j<N

P ( nm \ j)
j

∑
(k;j)=1

k<Nj

1
k

+O(n log n · log log n):

×ñçóéìïðïéüíôáò ôá ËÞììáôá B.14, B.16 êáé B.17 êáé ìåôÜ áðü áñêåôÞ
äïõëåéÜ êáôáëÞãïõìå óôï üôé
∑

bx
y
c =

1
2

∑

m|n
mP (

n
m

)P (m)(lnn)2
∑

r<N

�n(r)
r2

+O(n log n(log log n)2):

Ìðïñïýìå íá åðåêôåßíïõìå ôï Üèñïéóìá ùò ðñïò r ìÝ÷ñé ôï ∞, áöïý áðü
ôçí (59) (Þ áðü [3], Theorem 315), Ý÷ïõìå

d(n) =
∑

m|n
1 = O(n�) ãéá êÜèå � èåôéêü
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êáé
∑

m|n
m

∑

r≥N

1
r2

= O(n
1
2+�):

¸ôóé áöïý ÷ñçóéìïðïéüíôáò áðëÜ åðé÷åéñÞìáôá ôïõ áðåéñïóôéêïý ëïãéóìïý
(lnn)2 · n 1

2+� = O(n), Ý÷ïõìå

(20)
∑

bx
y
c

=
1
2

∑

m|n
mP (

n
m

)P (m)(lnn)2
∑

r≥1

�n(r)
r2

+O(n logn(log log n)2):

Ï âáóéêüò ôýðïò ðïõ èá ÷ñåéáæüìáóôå åßíáé

∑

r≥1

�n(r)
r2

=
∏

p-n

(
1− 1

p2

)
=

6
�2

∏

p|n

(
1− 1

p2

)−1

:(21)

ÂëÝðåé êáíåßò üôé åäþ åßíáé ðïõ åìöáíßæåôáé ç óôáèåñÜ
6
�2

ç ïðïßá ßóùò
îåíßæåé ôïí áíáãíþóôç üôáí äéáâÜæåé ãéá ðñþôç öïñÜ ôï Èåþñçìá B.4.

ÌÝíåé áðëÜ íá õðïëïãßóïõìå ôï Üèñïéóìá
∑

m|n
mP (

n
m

)P (m);

ôï ïðïßï üìùò åßíáé ìéá ðïëëáðëáóéáóôéêÞ óõíÜñôçóç ôïõ n ðñÜãìá ðïõ
óçìáßíåé üôé áñêåß íá ôçí õðïëïãßóïõìå üôáí n = pk. Åßíáé

∑

m|pk
mP (

pk

m
)P (m) =

∑

0≤j≤k
pj
�(pk−j)
pk−j

�(pj)
pj

=
∑

0<j<k

pj
(
1− 1

p

)2

+ (p0 + pk)
(
1− 1

p

)

= pk
(
1− 1

p2

)

ÅðïìÝíùò ãéá n = p1
k1 · · · plkl , ðáßñíïõìå

∑

m|n
mP (

n
m

)P (m) = p1
k1 · · · plkl ·

(
1− 1

p1
2k1

)
· · ·

(
1− 1

pl2kl
)

= n ·
∏

p|n

(
1− 1

p2

)
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ç åîßóùóç (20), ìå ÷ñÞóç ôçò (21) ãßíåôáé:
∑

bx
y
c =

1
2
(lnn)2

∑

m|n
mP (

n
m

)P (m) · 6
�2

∏

p|n

(
1− 1

p2

)−1

+O(n logn(log log n)2)

=
1
2
(lnn)2n ·

∏

p|n

(
1− 1

p2

)
· 6
�2

∏

p|n

(
1− 1

p2

)−1

+O(n logn(log log n)2):
¸ôóé ôåëéêÜ

∑
bx
y
c =

3
�2
n(lnn)2 +O(n log n(log log n)2):

Êáé ÷ñçóéìïðïéüíôáò ôï Ðüñéóìá B.7, ðáßñíïõìå ôåëéêÜ ôï Èåþñçìá B.4:

S(n) =
6
�2

(lnn)2 +O(log n(log log n)2):

ÐáñáôçñÞóåéò. Èá Þôáí éäéáßôåñá åíäéáöÝñïí íá áíáðáñÜãïõìå êÜðïéåò
éäéáßôåñá åíäéáöÝñïõóåò ðáñáôçñÞóåéò áðü ôï âéâëßï [1](äßíåé éäéáßôåñá ðñï-
óåãìÝíåò, åêôåíåßò êáé ðëÞñåéò áíáöïñÝò óôá åñåõíçôéêÜ áðïôåëÝóìáôá ðïõ
ó÷åôßæïíôáé ìå ôéò åíüôçôåò ðïõ áíáëýåé) êáé ôï Üñèñï [12].

Ç ìåôñéêÞ èåùñßá ôùí óõíå÷þí êëáóìÜôùí èåìåëéþèçêå ìå åñãáóßåò ôùí
Gauss, L�evy, Khinchin, Kuzmin Wirsing and Babenko. Ùóôüóï áõôÜ ôá
áðïôåëÝóìáôá äåí ìðïñïýí íá âïçèÞóïõí óôçí áíÜëõóç ôïõ Åõêëåéäåßïõ
Áëãïñßèìïõ ãéá èåôéêïýò áêåñáßïõò, ôïõ äéáêñéôïý áíáëüãïõ ôïõ áëãïñßè-
ìïõ áíÜðôõîçò óå óõíå÷Ýò êëÜóìá, áöïý ïé ñçôïß Ý÷ïõí ìÝôñï ìçäÝí óôïõò
ðñáãìáôéêïýò áñéèìïýò. Ïé ðñþôïé ðïõ Ýäùóáí áíÜëõóç ãéá ôç ìÝóç ðïëõ-
ðëïêüôçôá ôïõ (äéáéñåôéêïý) Åõêëåéäåßïõ Áëãïñßèìïõ Þôáí ï Heilbronn [4]
êáé ï Dixon [1970, 1971] êáé ïé äýï áíåîÜñôçôá. Åíþ ï Heilbronn ÷ñç-
óéìïðïßçóå óõíäõáóôéêÝò ìåèüäïõò, ï Dixon ÷ñçóéìïðïßçóå ðéèáíïôéêÝò.
Áêïëïýèçóáí äéÜöïñåò âåëôéþóåéò ôïõ ðáñÜãïíôá óöÜëìáôïò ìåôáîý ôùí
Üëëùí êáé áðü ôïí Knuth. Ðïëý áñãüôåñá ï Hensley [1992] Ýäåéîå üôé ï
áñéèìüò ôùí äéáéñÝóåùí ðïõ ðñáãìáôïðïéåß ï Åõêëåßäéïò Áëãüñéèìïò ãéá
üëá ôá æåõãÜñéá (m;n) ìå 0 < m ≤ n ≤ x áêïëïõèåß áóõìðôùôéêÜ ôçí
êáíïíéêÞ êáôáíïìÞ, ìå ìÝóç ôéìÞ ðåñßðïõ 12(log 2)�−2 log x.

Ï Plankensteiner [1970] ìÝôñçóå ôïí áñéèìü ôùí æåõãþí (m;n) ãéá ôá
ïðïßá ï Åõêëåßäåéïò Áëãüñéèìïò ðñáãìáôïðïéåß áêñéâþò k âÞìáôá.

Ìéá áñêåôÜ äéáöïñåôéêÞ ðñïóÝããéóç ç ïðïßá ìðïñåß íá äþóåé áðïôåëÝ-
óìáôá ðïõ áöïñïýí ðïëëïýò áëãïñßèìïõò ðáñüìïéïõò ìå ôïí Åõêëåßäåéï,
êáé ç ïðïßá ìÜëéóôá åêôüò áðü ôç ìÝóç ôéìÞ ôçò áóõìðôùôéêÞò êáôáíïìÞò,
äßíåé êáé ôéò ñïðÝò ôÜîçò k ðñïôÜèçêå áðü ôç Vall�e [12].



CHAPTER 1

AN INTRODUCTION TO CONTINUED
FRACTIONS

In this chapter we will present the basic facts about continued fractions.
The presentation is mostly inuenced by [3] and [7], but also [5] mostly
when it comes to good approximations. Another very helpful reference
was [11], which o�ers an excellent overview of the theory of continued
fractions, the only drawback being that everything is left as an exercise.
As for the book [8] by S. Lang, it presents the really tight connection
between continued fractions and diophantine approximation and has an
outstanding presentation of the algebraic aspect of equivalent numbers.

1A. Finite continued fractions

A �nite continued fraction is an expression of the form

x0 +
1

x1 +
1

x2 + . . .+
1
xN

;

in the variables x1; x2; : : : ; xn. We can formally understand a continued
fraction as an element in the �eld of rational functions R(x1; : : : ; xn; : : : )
where R is a ring with unity.

For convenience we will use the notation

=x0; x1; : : : ; xN= = x0 +
1

x1 +
1

x2 + . . .+
1
xN

:

In general the variables x0; x1; : : : ; xn may be evaluated over R;C;Z or N.
In most cases we shall evaluate them over N or Z.

19
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Definition 1A.1. Continued fractions can be de�ned inductively as fol-
lows:

=x0= = x0;

=x0; : : : ; xn+1= = x0 +
1

=x1; : : : ; xn+1=
:

In this way we �nd that:

=x0; x1= = x0 +
1
x1

=
x0x1 + 1

x1

=x0; x1; x2= = x0 +
1

x1 +
1
x2

=
x0x1x2 + x2 + x0

x2x1
:

Definition 1A.2. We call x0; x1; · · · ; xn the partial quotients or just
the quotients of the continued fraction.

Definition 1A.3. For m ≤ N we call
rm = =xm; xm+1; · · · ; xN=(22)

the m-th complete quotient of the continued fraction =x0; x1; · · · ; xN=.
We observe that:

=x0; x1; : : : ; xm; xm+1= = =x0; x1; : : : ; xm +
1

xm+1
=:(23)

Definition 1A.4. We de�ne the polynomials Qn(x1; x2; : : : ; xn) of n
variables, for n ≥ 0 by the following recursion:

Qn(x1; x2; : : : ; xn) =





1 if n = 0
x1 if n = 1
x1Qn−1(x2; : : : ; xn) +Qn−2(x3; : : : ; xn) if n > 1

(24)

Theorem 1A.5 (L. Euler). The polynomial Qn(x1; x2; : : : ; xn) is the sum
of all terms produced by starting with the product:

1 · x1 · x2 · · ·xn
and omitting zero or more nonoverlapping pairs of consecutive variables
xj · xj+1.

Proof is by induction on n.
Basis: The result is trivial for n = 0; 1.
Induction Step: Assume the theorem holds for k < n, and notice that

we have two kinds of terms produced by deleting zero or more nonoverlap-
ping pairs from 1 · x1 · · ·xn: the ones that contain x1 and the ones that
don't.
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To obtain the terms that contain x1 we omit zero or more nonoverlapping
pairs of consecutive variables from the product 1 · x2 · · ·xn. Using the
induction hypothesis the sum of these terms is x1Qn−1(x2; : : : ; xn).

As for the terms that do not contain x1, they also do not contain x2 (the
only way to omit x1 is by omitting the pair x1x2), so we obtain them by
omitting zero or more nonoverlapping pairs of consecutive variables from
the product 1 · x3 · · ·xn. Using the induction hypothesis the sum of these
terms is Qn−2(x3; : : : ; xn), which completes the proof. a

In this way we get:

Q1(x1) = x1

Q2(x1; x2) = x1x2 + 1
Q3(x1; x2; x3) = x1x2x3 + x1 + x3

Q4(x1; x2; x3; x4) = x1x2x3x4 + x1x4 + x3x4 + x1x2 + 1:

Definition 1A.6. We de�ne the sequence (Fn)n∈N of the Fibonacci
numbers as follows:

F0 = 0; F1 = 1
Fn+2 = Fn+1 + Fn; for n ≥ 0:

Theorem 1A.7. The number of summands appearing in the polynomial
Qn(x1; x2; : : : ; xn) is equal to the Fibonacci number Fn+1.

Proof. This is obvious for n = 0; 1 and inductively, the number of
summands that appears in Qn(x1; x2; : : : ; xn) is

Qn(1; 1; : : : ; 1) = 1 ·Qn−1(1; : : : ; 1) +Qn−2(1; : : : ; 1) by (24)
= 1 · Fn + Fn−1 ind. hyp.
= Fn+1: Def. 1A.6a

The Q-polynomials are symmetric in the sense that:

Qn+1(x0; x1; : : : ; xn) = Qn+1(xn; : : : ; x1; x0):

This is an immediate consequence of Theorem 1A.5: this speci�c permu-
tation of the Q-polynomial variables leaves the pairs of successive terms
una�ected and is moreover the only permutation with this very property.
Consequently for n ≥ 2,

Qn(x1; x2; : : : ; xn) = xnQn−1(x1; : : : ; xn−1) +Qn−2(x1; : : : ; xn−2):

The basic property we will use several times in all four chapters is:

Theorem 1A.8.

=x0; x1; : : : ; xn= =
Qn+1(x0; x1; : : : ; xn)
Qn(x1; x2; : : : ; xn)

; (n ≤ N):
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Proof. By induction on the number of variables n.
Basis:

=x0; x1= = x0 +
1
x1

=
x0x1 + 1

x1
=
Q2(x0; x1)
Q1(x1)

:

Induction Step: Suppose that the hypothesis holds for n variables, so
that:

=x1; x2 : : : ; xn= =
Qn(x1; : : : ; xn)
Qn−1(x2; : : : ; xn)

:

Then

=x0; x1; : : : ; xn= = x0 +
1

=x1; x2 : : : ; xn=

= x0 +
1

Qn(x1; : : : ; xn)
Qn−1(x2; : : : ; xn)

=
x0Qn(x1; : : : ; xn) +Qn−1(x2; : : : ; xn)

Qn(x1; x2; : : : ; xn)

=
Qn+1(x0; x1; : : : ; xn)
Qn(x1; x2; : : : ; xn)

: a

1B. Fundamental properties of the Q-polynomials

In the �rst two proofs of the section we will use 2 × 2 matrices. The
idea is that since we use induction of depth two, the properties of the Q-
polynomials can be demonstrated clearer by use of 2 × 2 matrices. Many
similar proofs use this technique. Of course the use of matrices is not
necessary, it just gives more elegant proofs.

Theorem 1B.1. For n ≥ 1,
(
x0 1
1 0

) (
x1 1
1 0

)
· · ·

(
xn 1
1 0

)

=
(
Qn+1(x0; : : : ; xn) Qn(x0; : : : ; xn−1)
Qn(x1; : : : ; xn) Qn−1(x1; : : : ; xn−1)

)
:

Proof is by induction.
Basis. We compute:

(
x0 1
1 0

)(
x1 1
1 0

)
=

(
x0x1 + 1 x0

x1 1

)
=

(
Q2(x0; x1) Q1(x0)
Q1(x1) Q0

)
:
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Induction Step. Using the de�nition of the Q-polynomials and the
inductive hypothesis, we have:(

x0 1
1 0

)(
x1 1
1 0

)
· · ·

(
xn 1
1 0

)(
xn+1 1

1 0

)

=
(
Qn+1(x0; : : : ; xn) Qn(x0; : : : ; xn−1)
Qn(x1; : : : ; xn) Qn−1(x1; : : : ; xn−1)

)(
xn+1 1

1 0

)

=
(
xn+1Qn+1(x0; : : : ; xn) +Qn(x0; : : : ; xn−1) Qn(x1; : : : ; xn)
xn+1Qn(x1; : : : ; xn) +Qn−1(x1; : : : ; xn−1) Qn−1(x1; : : : ; xn)

)

=
(
Qn+2(x0; : : : ; xn+1) Qn+1(x0; : : : ; xn)
Qn+1(x1; : : : ; xn+1) Qn(x1; : : : ; xn)

)
: a

Theorem 1B.2. For n ≥ 1,

Qn(x0; : : : ; xn−1)Qn(x1; : : : ; xn)−Qn+1(x0; : : : ; xn)Qn−1(x1; : : : ; xn−1) = (−1)n:

Proof. We just take the determinant of both sides of the �rst matrix
equation of the previous theorem:

∣∣∣∣
x0 1
1 0

∣∣∣∣
∣∣∣∣
x1 1
1 0

∣∣∣∣ · · ·
∣∣∣∣
xn 1
1 0

∣∣∣∣

=
∣∣∣∣
Qn+1(x0; : : : ; xn) Qn(x0; : : : ; xn−1)
Qn(x1; : : : ; xn) Qn−1(x1; : : : ; xn−1)

∣∣∣∣
so we conclude that

(−1)n+1 = Qn+1(x0; : : : ; xn)Qn−1(x1; : : : ; xn−1)

−Qn(x0; : : : ; xn−1)Qn+1(x1; : : : ; xn+1);

from which we get the desired result by multiplying both sides by −1. a
Theorem 1B.3. For n ≥ 1,

Qn+2(x0; : : : ; xn+1)Qn−1(x1; : : : ; xn−1)

−Qn(x0; : : : ; xn−1)Qn+1(x1; : : : ; xn+1) = (−1)n+1xn+1:

Proof. We compute directly from the inductive de�nition:

Qn+2(x0; : : : ; xn+1)Qn−1(x1; : : : ; xn−1)

−Qn(x0; : : : ; xn−1)Qn+1(x1; : : : ; xn+1)

= (xn+1Qn+1(x0; : : : ; xn) +Qn(x0; : : : ; xn))Qn−1(x1; : : : ; xn−1)

−Qn(x0; : : : ; xn−1)(xn+1Qn(x1; : : : ; xn) +Qn−1(x1; : : : ; xn−1))

= xn+1[Qn+1(x0; : : : ; xn)Qn−1(x1; : : : ; xn−1)

−Qn(x0; : : : ; xn−1)Qn(x1; : : : ; xn)]:
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Now we can use Theorem 1B.2) to simplify the formula:

= xn+1(−1) · (−1)n = (−1)n+1xn+1: a
The following simple theorem is of great signi�cance for the work in

Chapter 3.

Theorem 1B.4. For k ≥ 0 and l ≥ 0

Qk+l+2(x0; : : : ; xk; y0; : : : ; yl)
= Qk+1(x0; : : : ; xk)Ql+1(y0; : : : ; yl) +Qk(x0; : : : ; xk−1)Ql(y1; : : : ; yl):

Proof. Let us think of Euler's alternative de�nition of theQ-polynomials
(see Theorem 1B.2). Then the Q-polynomial Qk+l+2(x0; : : : ; xk; y0; : : : ; yl)
is obtained by adding up all possible terms produced by starting with the
product

1 · x0 · · ·xk · y0 · · · yl
and omitting zero or more nonoverlapping pairs of consecutive variables.
The Q-polynomial Qk+l+2(x0; : : : ; xk; y0; : : : ; yl) has two kinds of terms:

1. The terms where the pair xky0 is not omitted and the part of the
Q-polynomial that contains these can be factored as

Qk+1(x0; : : : ; xk)Ql+1(y0; : : : ; yl)
2. The terms where the pair xky0 is omitted and the part of the Q-

polynomial that contains these can be factored as
Qk(x0; : : : ; xk−1)Ql(y1; : : : ; yl): a

Theorem 1B.5. For 2 ≤ n ≤ N ,

=x0; x1; : : : ; xN=

=
=xn; : : : ; xN= ·Qn(x0; : : : ; xn−1) +Qn−1(x0; : : : ; xn−2)
=xn; : : : ; xN= ·Qn−1(x1; : : : ; xn−1) +Qn−2(x1; : : : ; xn−2)

Proof. Using Theorem 1A.8 we compute:

=x0; x1; : : : ; xN= =
QN+1(x0; x1; : : : ; xN )
QN (x1; x2; : : : ; xN )

=
Qn(x0; : : : ; xn−1)QN−n+1(xn; : : : ; xN ) +Qn−1(x0; : : : ; xn−2)QN−n(xn+1; : : : ; xN )
Qn−1(x1; : : : ; xn−1)QN−n+1(xn; : : : ; xN ) +Qn−2(x1; : : : ; xn−2)QN−n(xn+1; : : : ; xN )

(by Theorem 1B.4, with k = n− 1, l = N − n)

=

QN−n+1(xn; : : : ; xN )
QN−n(xn+1; : : : ; xN )

·Qn(x0; : : : ; xn−1) +Qn−1(x0; : : : ; xn−2)

QN−n+1(xn; : : : ; xN )
QN−n(xn+1; : : : ; xN )

·Qn−1(x1; : : : ; xn−1) +Qn−2(x1; : : : ; xn−2)
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=
=xn; : : : ; xN= ·Qn(x0; : : : ; xn−1) +Qn−1(x0; : : : ; xn−2)
=xn; : : : ; xN= ·Qn−1(x1; : : : ; xn−1) +Qn−2(x1; : : : ; xn−2)

(by Theorem 1A.8.) a

1C. From Q-polynomials to continued fractions

Most often we are not interested in studying a continued fraction as a
formula in the variables x1; : : : ; xn, but rather as the representation of
a real (or complex) number. Then we will agree to denote the partial
quotients by a1; : : : ; an in order to indicate that we have to do with numbers
instead of variables. We also de�ne the sequences pn; qn as follows:

Definition 1C.1. For every sequence of integeres a0; a1; : : : ; aN such
that 0 ≤ n ≤ N let:

pn = Qn+1(a0; a1; : : : ; an)
qn = Qn(a1; a2; : : : ; an):

We call
pn
qn

the n-th principal convergent, or just convergent of the

continued fraction =a0; : : : ; aN=.
These are the convergents of the continued fraction. It is also convenient

to de�ne some additional terms:

p−2 = 0; p−1 = 1; q−2 = 1; q−1 = 0; q0 = 1:

From Theorem 1A.8:

=a0; a1; :::; an= =
pn
qn
; (n ≤ N):

It is now very easy to use the general results about Q-polynomials to get
results about the sequences pn and qn (see De�nition 1C.1) and the con-
tinued fraction =a1; : : : ; an=. This approach is common with [7] and [11]
while all other books in the references do not de�ne the Q-polynomials
but start from de�ning directly the sequences pn and qn. However study-
ing the Q-polynomials gives us a better overall picture, not to mention
that they themselves are really interesting mathematical objects thinking
of Theorem 1A.5 and the relation to the Fibonacci numbers.

Theorem 1C.2. For n ≥ 0, and pn; qn as in De�nition 1C.1,

p0 = a0; pn = anpn−1 + pn−2;(25)
q0 = 1; qn = anqn−1 + qn−2;(26)
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pnqn−1 − pn−1qn = (−1)n−1;(27)
pn
qn
− pn−1

qn−1
=

(−1)n−1

qn−1qn
;(28)

pnqn−2 − pn−2qn = (−1)nan;(29)
pn
qn
− pn−2

qn−2
=

(−1)nan
qn−2qn

:(30)

Proof. One sees immediately that the preceding results about Q- poly-
nomials guarantee that these three corollaries are true. In more detail, (25)
and (26) follow from (24), while (27) and (28) follow from Theorem 1B.2.
Finally (30) and (29) follow from Theorem 1B.3. The cases for 0 ≤ n ≤ 2
are trivial to check. a

Corollary 1C.3. If the rn's are de�ned by (22), then for 2 ≤ n ≤ N ,

=a0; : : : ; an= =
pn
qn

=
rnpn−1 + pn−2

rnqn−1 + qn−2
:

Proof. First, by Theorem 1A.8 and De�nition 1C.1 we get
pn
qn

= =a0; : : : ; an=:

Then by Theorem 1B.5 and De�nition 1C.1,
pn
qn

=
rnpn−1 + pn−2

rnqn−1 + qn−2
: a

Theorem 1C.4. For n ≥ 1,

=a0; a1; : : : ; an= = a0 +
1
q0q1

− 1
q1q2

+
1
q2q3

− : : :+
(−1)n−1

qn−1qn

= a0 +
n∑

k=1

(−1)k−1

qk−1qk
:

Proof. By (28),
n∑

k=1

(−1)k−1

qk−1qk
=

n∑

k=1

(pk
qk
− pk−1

qk−1

)
=

n∑

k=1

pk
qk
−

n∑

k=1

pk−1

qk−1

=
n∑

k=1

pk
qk
−
n−1∑

k=0

pk
qk

=
pn
qn
− p0

q0
;

so we have

a0 +
n∑

k=1

(−1)k−1

qk−1qk
=
p0

q0
+

(pn
qn
− p0

q0

)
=
pn
qn

= =a0; a1; : : : ; an=: a
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1D. Simple continued fractions

Definition 1D.1. A continued fraction =a0; a1; : : : ; aN= is simple if
a0; : : : ; aN are integers and

a0 ≥ 0; a1 > 0; : : : ; an > 0:

We will make this assumption for the rest of the remainder of this chapter.

Theorem 1D.2. For n > 2, qn > qn−1, and for n ≥ 1, qn ≥ qn−1.

Theorem 1D.3. For n > 3, qn > n and for n ≥ 1, qn ≥ n.

Proof is by induction on n:

q0 = 1 ≤ q1 = a1 < q2 = a1a2 + 1

q1 = a1 ≥ 1; q2 = a1a2 + 1 ≥ 2

and for n ≥ 3

qn = anqn−1 + qn−2 > qn−1 + 1;

so that by the induction hypothesis qn > qn−1 and qn > n. a
Theorem 1D.4. For n ≥ 0, Qn+1(a0; a1; : : : ; an) and Qn(a1; a2; : : : ; an)

are relatively prime integers.

In view of De�nition 1C.1, this just says that (pn; qn) = 1.
Proof. We use the notation of De�nition 1C.1, pn = Qn+1(a0; : : : ; an);

qn = Qn(a1; : : : ; an), so

(pn; qn) | pn; (pn; qn) | qn;
by equation (27) we get that:

(pn; qn) | pnqn−1 − pn−1qn = (−1)n−1 ⇒ (pn; qn) | 1
⇒ (pn; qn) = 1: a

The following theorem shows that the qn's grow exponentially in n. For
more on the growth of the qn's one can refer to [10].

Theorem 1D.5 ( [5]). For all n ≥ 2, qn ≥ 2
n−1

2 .

Proof. For n ≥ 2,

qn = anqn−1 + qn−2 ≥ qn−1 + qn−2 ≥ 2qn−2:

Successive application of the inequality yields

q2n ≥ 2nq0 = 2n; q2n+1 ≥ 2nq1 ≥ 2n;

which proves the theorem. a
Thus the denominators of the convergents increase at least exponentially.
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Theorem 1D.6. Every odd convergent is greater than any even conver-
gent.

Proof. By (28),
p2n+1

q2n+1
− p2n

q2n
=

(−1)2n

q2nq2n+1
> 0:

So
p2n+1

q2n+1
>
p2n

q2n
: a

Theorem 1D.7. The n-th principal convergents, for even n, form a
strictly increasing sequence and the n-th principal convergents, for odd n,
form a strictly decreasing sequence, that is
p0

q0
<
p2

q2
<
p4

q4
< : : : <

p2m

q2m
< : : :

< : : : <
p2n+1

q2n+1
< : : : <

p5

q5
<
p3

q3
<
p1

q1
:

Proof. By (30) we have that
p2n+2

q2n+2
− p2n

q2n
=

(−1)2n+2an
q2nq2n+2

> 0; so
p2n+2

q2n+2
>
p2n

q2n
:

And similarly that
p2n+1

q2n+1
− p2n−1

q2n−1
< 0 so

p2n+1

q2n+1
<
p2n−1

q2n−1
: a

We observe that:
=a0; a1; :::; an; 1= = =a0; a1; :::; an + 1=:(31)

Remark 1D.8. A number is representable by a simple continued fraction
with an even number of convergents if and only if it is representable by one
with an odd number of convergents.

It is often useful to choose one of the two alternative representations in
order to simplify proofs and omit superuous cases.

Recall how we de�ned the mth complete quotient rm in De�nition 1A.3.

Theorem 1D.9. For n ≤ N , an = brnc, except that aN−1 = brN−1; c−1
when the last partial quotient, aN = 1.

Proof. If N = 0, then obviously a0 = r0 = br0c. If N > 0, then
aN = =aN= = rN = brNc:

Now suppose 0 ≤ n ≤ N − 1. We have

rn = an +
1

rn+1
:(32)



1D. Simple continued fractions 29

Case 1: If n = N − 1 and aN = 1 then

rN−1 = aN−1 +
1
aN

= aN−1 + 1;

hence aN−1 = brN−1c − 1.
Case 2: Otherwise rn+1 > 1, because either n = N − 1 and aN > 1, so

that

rn+1 = rN = =aN= = aN > 1;

or n+ 1 < N and rn+1 = an+1 +
1

rn+2
> 1:

So by (32) we have that

an < rn = an +
1

rn+1
< an + 1;

which means that an = brnc. a
Theorem 1D.10 ( [3]). If two simple continued fractions =a0; a1; :::; aN=

and =b0; b1; :::; bM= have the same value x and aN > 1, bM > 1 then M = N
and the fractions are identical, i.e. they are formed by the same sequence
of partial quotients.

Proof. Suppose without loss of the generality that N ≤M .
We will prove by induction on n ≤ N that an = bn, and then, by

contradiction, that N = M .
For n = 0, we have a0 = bxc = b0 by Theorem 1D.9, as aN > 1.
For n = 1,

a0 +
1

(r1)a
= b0 +

1
(r1)b

:

(Where (rn)a is the n-th complete quotient of the continued fraction a.)
And as

a0 = b0 = bxc; we have (r1)a = (r1)b;

Applying once more Theorem 1D.9 to (r1)a, (r1)b we obtain a1 = b1.
Assume now that n ≥ 2 and the result holds for i ≤ n − 1. By Corol-

lary 1C.3 we have,
(rn)apn−1 + pn−2

(rn)aqn−1 + qn−2
= x =

(rn)bpn−1 + pn−2

(rn)bqn−1 + qn−2
;

and by cross multiplying we obtain

((rn)a − (rn)b)(pn−1qn−2 − pn−2qn−1) = 0:

But pn−1qn−2 − pn−2qn−1 = (−1)n 6= 0, by (27), and so (rn)a = (rn)b. It
follows from Theorem 1D.9, that an = bn. So for all n ≤ N , an = bn.
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If M > N , then
pM
qM

= =a0; : : : ; aN= = =a0; : : : ; aN ; bN+1; : : : ; bM= =
(rN+1)bpN + pN−1

(rN+1)bqN + qN−1
;

so pNqN−1 − pN−1qN = 0 and by Corollary 1C.3 we have arrived at a
contradiction. Hence N = M and the fractions are identical. a

Remark 1D.11. Using (31), we can see that the preceding uniqueness
Theorem also holds in the case when aN = 1; bN = 1.

1E. How close is a continued fraction to its convergents?

As before ai > 0 for i ≥ 0, x = =a0; : : : ; aN=, rn = =an; : : : ; aN=.

Theorem 1E.1. If 1 ≤ n ≤ N − 1, then

x− pn
qn

=
(−1)n

qnq′n−1

;

where q′n is de�ned by the following recursion:

q′1 = r1
q′n = rnqn−1 + qn−2; for 1 < n ≤ N:(33)

(Notice that in particular q′N = qN .)

Proof. In the base case

x− p0

q0
= x− a0 =

1
r1

=
1
q0r1

=
1
q0q′1

:

Suppose that N > 1 and n > 0. By (1C.3), for 1 ≤ n ≤ N − 1,

x =
rn+1pn + pn−1

rn+1qn + qn−1
:

Consequently

x− pn
qn

= − pnqn−1 − pn−1qn
qn(rn+1qn + qn−1)

=
(−1)n

qn(rn+1qn + qn−1)
: a

Theorem 1E.2. If N > 1; n > 0, then the di�erences

x− pn
qn
; qnx− pn

decrease steadily in absolute value as n increases. Also

qnx− pn =
(−1)n�n
qn+1

;(34)

where

0 < �n < 1; for 1 ≤ n ≤ N − 2; �N−1 = 1
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and
∣∣x− pn

qn

∣∣ ≤ 1
qnqn+1

<
1
qn2

(35)

for n ≤ N − 1 with strict inequality in both places except when n = N − 1.

Proof. Suppose n ≤ N − 2. As we saw in the proof of Theorem 1D.9
we have

an+1 < rn+1 < an+1 + 1;(36)

while

aN−1 < rN−1 ≤ aN−1 + 1;

where the equality holds when aN = 1. Now using this we get the following
two inequalities for n ≥ 1:

q′n+1 = rn+1qn + qn+1 > an+1qn + qn−1(37)

(38) q′n+1 = rn+1qn + qn+1 < (an+1 + 1)qn + qn−1

= (an+1qn + qn−1) + qn = qn+1 + qn ≤ an+2qn+1 + qn = qn+2

For the second inequality we have used that rN−1 < aN−1 + 1, which does
not hold in the case aN = 1, when we have the same with equality instead:

q′N−1 = (aN−1 + 1)qN−2 + qN−3 = qN−1 + qN−2 = qN :(39)

Moreover,

q1 = a1 < r1 < a1 + 1 ≤ a1q1 + q0 = q2:

From (37), (38) and Theorem 1E.1 it follows that

1
qn+2

< |pn − qnx| < 1
qn+1

; for 1 ≤ n ≤ N − 2;(40)

while by (39) and x =
pN
qN

|pN−1 − qN−1x| = 1
qN

; and pN − qNx = 0(41)

In either case (40) and (41) show that

|pn − qnx|;
∣∣∣x− pn

qn

∣∣∣:

decrease steadily as n increases, since qn increases steadily. a
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1F. In�nite simple continued fractions

In this section we are going to de�ne in�nite simple continued fractions.
These have �nite continued fractions as their initial segments. We will
essentially follow [3]. For more facts about intermediate fractions one can
see [5] and [11].

Definition 1F.1. Suppose that a0; a1; a2; : : : is an in�nite sequence of
integers with a1 > 0; a2 > 0; : : : . Then xn = =a0; a1; : : : ; an= is for every n,
a simple continued fraction representing a rational number xn. If xn tends
to a limit x when n → ∞ then we say that the in�nite simple continued
fraction =a0; a1; a2; : : : = converges to the value x and we write

x = =a0; a1; a2; : : : =:

Theorem 1F.2. All in�nite simple continued fractions are convergent.
Consequently, for even n, the n-th principal convergents of an in�nite

continued fraction form a strictly increasing sequence converging to x. For
odd n, the n-th principal convergents of � form a strictly decreasing se-
quence converging to x. That is if x = =a0; a1; : : : = then:

p0

q0
<
p2

q2
< : : : <

p2m

q2m
< : : : < x < : : : <

p2n+1

q2n+1
< : : : <

p5

q5
<
p1

q1
and

lim
n→∞

p2n

q2n
= lim
n→∞

p2n+1

q2n+1
:

One should notice this is a strengthening of Theorems 1D.7 and 1D.6.
Proof. We write

xn =
pn
qn

= =a0; a1; : : : ; an=

and we call xn the n-th convergent to =a0; a1; a2; : : : =. By Theorems 1D.7
and 1D.6 the even convergents form an increasing and the odd convergents
a decreasing sequence and for all n > 0,

x0 < x2 < : : : < x2n < : : : < x1; x0 < · · · < x2n+1 < : : : < x3 < x1:

That is the increasing sequence of even convergents is bounded above by
x1 and the decreasing sequence of odd convergents is bounded below by x0.
Hence the two series converge, say to the limits �1; �2 respectively. Then
by Theorem 1D.6,

lim
n→∞

p2n

q2n
= �1 ≤ �2 = lim

n→∞
p2n+1

q2n+1
:

Finally by (28) and Theorem 1D.3 we have
∣∣p2n

q2n
− p2n−1

q2n−1

∣∣ ≤ 1
q2nq2n−1

<
1

2n(2n− 1)
→ 0;
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and so �1 = �2 = x and so the fraction =a0; a1; a2; :::= converges to x. a
Definition 1F.3. For any positive integer r with 1 ≤ r ≤ an+1 we call

the fraction
pnr + pn−1

qnr + qn−1

an intermediate fraction.

Definition 1F.4. The mediant of two fractions
a
b

and
c
d
, with positive

denominator, is the fraction
a+ c
b+ d

:

Lemma 1F.5. The mediant of two fractions always lies between them in
value.

Proof. Suppose without loss of generality, that
a
b
≤ c
d

, in which case
bc− ad ≥ 0 and consequently

a+ c
b+ d

− a
b

=
bc− ad
b(b+ d)

≥ 0

a+ c
b+ d

− c
d

=
ad− bc
b(b+ d)

≤ 0: a

Theorem 1F.6. If x = =a0; a1; : : : = then the sequence
pn−1

qn−1
;
pn + pn−1

qn + qn−1
;
2pn + pn−1

2qn + qn−1
; : : : ;

an+1pn + pn−1

an+1qn + qn−1
=
pn+1

qn+1

is monotone: increasing for odd n and decreasing for even n.

Proof. It is easy to verify that:

pn(r + 1) + pn−1

qn(r + 1) + qn−1
− pnr + pn−1

qnr + qn−1
=

(−1)n+1

[qn(r + 1) + qn−1][qnr + qn−1]
:

So for r ≥ 0 we have that
p2n(r + 1) + p2n−1

q2n(r + 1) + q2n−1
<
p2nr + p2n−1

q2nr + q2n−1

p2n+1(r + 1) + p2n

q2n+1(r + 1) + q2n
>
p2n+1r + p2n

q2n+1r + q2n
:

It follows that the sequence
pn−1

qn−1
;
pn + pn−1

qn + qn−1
;
2pn + pn−1

2qn + qn−1
; : : : ;

an+1pn + pn−1

an+1qn + qn−1
=
pn+1

qn+1
(42)
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is monotone: increasing for odd n and decreasing for even n, (just as in
the proof of Theorem 1D.7). Notice that the �rst and the last term of the
sequence are both even- or both odd-order convergents.

The intervening terms (if there are any, that is, if an+1 > 1), the interme-
diate fractions play an important role (though this role is not as important
as the convergents' role).

Each of the intermediate fractions in the progression of (42) is the me-

diant of its preceding fraction and the fraction
pn
qn

.

Now the value x of the continued fraction lies between
pn
qn

and
pn+1

qn+1
,

and the fractions
pn−1

qn−1
and

pn+1

qn+1
, which are either both of odd or both of

even order, lie on the same side of x and the fraction
pn
qn

lies on the other

side. In particular, the fractions
pn + pn−1

qn + qn−1
and

pn
qn

are always on opposite

sides of x. So that the sequence
pn−1

qn−1
;
pn + pn−1

qn + qn−1
;
2pn + pn−1

2qn + qn−1
; : : : ;

an+1pn + pn−1

an+1qn + qn−1
=
pn+1

qn+1

is monotone. a
Remark 1F.7. Notice that an+1 is the largest positive integer r for

which
pn−1

qn−1
and

pn−1 + rpn
qn−1 + rqn

are on the same side of x.

1G. Continued fractions and the Euclidean algorithm

In this section we will denote the ordered pair with �rst element x and
second element y by {x; y}:

Theorem 1G.1 (Division Theorem for natural numbers). If x ≥ y > 0
and x; y ∈ N, then there exist unique numbers q ∈ N and � ∈ N such that

x = yq + � and 0 ≤ � < y:

We denote the remainder � of this division by rem(x; y).

Theorem 1G.2 (Division Theorem for reals, with q ∈ N). If x ≥ y > 0
and x; y ∈ R, then there exist unique numbers q ∈ N and � ∈ R such that

x = yq + � and 0 ≤ � < y:

Moreover,

q = bx
y
c:(43)
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We denote the remainder � of this division by rem(x; y).

Definition 1G.3. Let x; y be two natural numbers. We say that y di-
vides x and we write y | x, if and only rem(x; y) = 0, and we denote the
greatest common divisor of two natural numbers x; y by (x; y):

Continued fraction algorithm. To each real number x we assign two
�nite or in�nite sequences a0; a1; : : : of integers and �0; �1; : : : of reals as
follows:

1. Let a0 = bxc; �0 = x− a0.

2. If a0; : : : ; an; �0; : : : ; �n are de�ned, and �n 6= 0, then let

an+1 =
⌊ 1
�n

⌋
; �n+1 =

1
�n
− an+1

3. If �n = 0 then the algorithm terminates and returns a0; a1; : : : ; an
and �0; : : : ; �n.

Remark 1G.4. Note that the algorithm also returns the complete quo-
tients rn = =an; : : : ; aN= of x, since for �m 6= 0,

rm =
1
�m

:

Let us see what the algorithm does. While �n 6= 0, this de�nition guar-
antees that 0 ≤ �n+1 < 1 so that an+1 =

⌊ 1
�n

⌋
is a positive integer strictly

greater than 1.
If �n = 0 then the quantities an+1 and �n+1 are not de�ned and the algo-

rithm stops, returning the sequence a0; a1; : : : ; an so the continued fraction
for x is =a0; a1; : : : ; an= and x is a rational number.

The picture becomes clearer when we write down the �rst three steps of
the algorithm:

x = a0 + �0 = a0 +
1

a1 + �1
= a0 +

1

a1 +
1

a2 + �2

= : : : :

Theorem 1G.5. For n ≥ 0, and an; �n > 0 assigned to x by the contin-
ued fraction algorithm,

x = =a0; : : : ; an + �n=:

Proof is by induction. For n = 0,

x = a0 + �0 = =a0 + �0=;

and if we suppose that

x = =a0; : : : ; an + �n=;
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we get that. if �n 6= 0,

x = =a0; : : : ; an + �n= (ind. hyp.)

= =a0; : : : ; an;
1
�n
= (by (23))

= =a0; : : : ; an; an+1 + �n+1=
(
�n+1 :=

1
�n
− an+1

)
: a

Theorem 1G.6 (Correctness of the continued fraction algorithm). For
the sequence a0; a1; : : : ; an assigned to x by the continued fraction algo-
rithm, we have that:

(a) If x is rational then the algorithm terminates with �N = 0 for some
N ≥ 0, and x = =a0; : : : ; aN=, (with aN > 1 if N 6= 0).

(b) If x is irrational, then �n 6= 0 for all n, thus the algorithm does not
terminate, and

x = lim
n→∞

=a0; a1; : : : ; an=:

Proof. (a) If the algorithm terminates and �n = 0, then N = n and
x = =a0; : : : ; aN=. As the continued fraction is �nite it is also immediate
that x is rational.

(b) Otherwise �n 6= 0 for all n ≥ 0 as
1
�n

= rn, by Theorem 1G.5 we

have

|x− =a0; a1; : : : ; an=| = |=a0; a1; : : : ; an +
1
rn
=− =a0; a1; : : : ; an=|

= |=a0; a1; : : : ; an; rn=− =a0; a1; : : : ; an=|
(by (23))

=
∣∣∣rn+1pn + pn−1

rn+1qn + qn−1
− pn
qn

∣∣∣
(by Corollary 1C.3)

=
∣∣∣− pnqn−1 − pn−1qn

qn(rn+1qn + qn−1)

∣∣∣

=
∣∣∣ (−1)n

qn(rn+1qn + qn−1)

∣∣∣

=
∣∣∣ 1
qn(rn+1qn + qn−1)

∣∣∣;

and this gives

lim
n→∞

=a0; a1; : : : ; an= = x: a



1G. Continued fractions and the Euclidean algorithm 37

If we use the formulas the continued fraction algorithm above to compute
the continued fractions of some familiar real numbers we get:
423
720

= =1; 1; 2; 2; 1; 4=;

� = =3; 7; 15; 1; 292; 1; 1; 1; 2; 1; 3; 1; 14; 2; 1; 1; 2; 2; 2; 2; 1; 84; 2; 1; 1; 15; : : : =;
e = =2; 1; 2; 1; 1; 4; 1; 1; 6; 1; 1; 8; 1; 1; 10; 1; 1; 12; 1; 1; 14; 1; 1; 16; 1; 1; : : : =;
� = =1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; 1; : : : =;

where � =
1 +

√
5

2
.

Theorem 1G.7. Any rational number x can be represented as a �nite
continued fraction. Moreover this representation is unique if we demand
that aN > 1.

Proof. By Theorem 1G.6 we have a �nite continued fraction represen-
tation of x. By Theorem 1D.10 we get the uniqueness. a

We will now state the Euclidean algorithm and see the way the continued
fraction algorithm can be stated as a special case of the Euclidean for
x; y ∈ R.

Euclidean algorithm. To each pair of real numbers {x; y} such that
x ≥ y > 0 we assign two �nite or in�nite sequences a1; a2; a3; : : : and
�−1; �0; �1; �2; : : : as follows:

1. Let �−1 = x, �0 = y

2. If �−1; : : : ; �i; a1; : : : ; ai are de�ned and �i 6= 0 then, by the division
Theorem, choose vi+1; ai+1 such that

�i−1 = �iai+1 + �i+1 0 ≤ �i+1 < �i:
3. If �i = 0 then the algorithm terminates and returns �−1; �0; : : : ; �i−1

and a1; : : : ; ai.
The Euclidean algorithm works for the pair {x; y} as follows:

x = y a1 + �1 0 < �1 < y
y = �1a2 + �2 0 < �2 < �1

�1 = �2a3 + �3 0 < �3 < �2

...
...

�n−3 = �n−2an−1 + �n−1 0 < �n−1 < �n−2

�n−2 = �n−1an �n = 0:
If x; y are positive integers, then we know that the algorithm terminates
because the division remainders form a strictly decreasing sequence of pos-
itive integers, so for some n ∈ N it will be �n+1 = 0. If however x; y
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are reals, it can be the case that the algorithm does not terminate, so all
remainders are greater than zero.

Moreover if x; y are positive integers, we have that the last positive re-
mainder �i−1 is equal to the greatest common divisor of x and y. This is
based on the following simple observation: if

x = yq + � with 0 ≤ � < y;

then the pairs {x; y} and {y; �} have exactly the same common divisors.

Theorem 1G.8. (a) If we execute the Euclidean algorithm for the pair
{x; 1} then x = =a1; : : : ; an; : : : = where a0; : : : ; an; : : : are the quotients in
the Euclidean algorithm.

(b) If x =
h
k

with h ≥ k, it is equivalent to perform the Euclidean
algorithm to the pair {h; k}.

Proof. (a) The division equation for the pair {x; 1} is

x = 1 · a0 + �1; 0 ≤ �1 < 1 (a0 = bxc)
1 = �1a1 + �2; 0 ≤ �2 < �1 (a1 = b 1

�1
c)

�1 = �2a2 + �3; 0 ≤ �3 < �2 (a2 = b�1

�2
c)

...
...

�n−1 = �nan + �n+1;0 ≤ �n+1 < �n (an = b�n−1

�n
c)

...
...

We can now construct the continued fraction for x:

x = 1 · a0 + �1 = a0 +
1
1
�1

= a0 +
1

�1a1 + �2

�1

= a0 +
1

a1 +
1
�1

�2

= : : : = a0 +
1

a2 +
1
�1

�2

= a0 +
1

a1 + . . .+
1

�n−1

�n

= =a0; a1; : : : ; an;
�n−1

�n
=:

By an easy induction on n, using that an+1 = b�n−1

�n
c, we can prove that

�n =
�n
�n−1

:
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So correctness follows from Theorem 1G.6.
(b) We observe that the quotients that appear in the Euclidean algorithm

applied to the pair {h; k} are the same as the quotients that appear in the
Euclidean algorithm applied to the pair {x; 1}, because if we multiply each
division equation that appears in the Euclidean algorithm for {x; 1} we get
exactly the divisions that appear in the Euclidean algorithm for {h; k}. a

Notice the reason why the ans are called partial quotients: they coincide
with quotients that appear in the Euclidean algorithm applied to the pair
{x; 1}.

The representation determined by the continued fraction algorithm gives
us the ability to represent a real number with the degree of accuracy we
choose, according to the length of the continued fraction. The other system
of representation, we use for real numbers, is that of decimal numbers or
of systematic fractions (that is, fractions constructed according to some
system of calculation). In chapter 1J we will show that the approximating
values given by continued fractions have the property of being best ap-
proximations of the numbers, which is of great signi�cance for theoretical
investigations. However continued fractions turn out to be a very imprac-
tical representation for performing arithmetical operations (see Hurwitz
1891).

1H. Equivalent numbers

This de�nition of equivalence between numbers is closely and beautifully
connected with the continued fraction algorithm because the operation in
each step is such that we remain in the same equivalence class. The pre-
sentation here follows [3], [5], [8] and [10]. The latter two present also the
algebraic point of view.

Definition 1H.1. If �, � are two real numbers such that

î =
aç + b
cç + d

where a; b; c; d are integers such that ad − bc = ±1, then � is said to be
equivalent to �.

The relation we de�ne this way is indeed an equivalence relation:

Reflexive: � =
� + 0
0� + 1

.

Symmetric: If � is equivalent to � then:

� =
aç + b
cç + d

⇒ �c� + �d = a� + b⇒ �c� − a� = b− �d⇒ � =
−d� + b
c� − a

and also (−d)(−a)− bc = ad− bc = ±1 and so � is equivalent to �.
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Transitive: Suppose � is equivalent to � and � is equivalent to �.
Then:

� =
a� + b
c� + d

ad− bc = ±1

� =
a′� + b′

c′� + d′
a′d′ − b′c′ = ±1:

So substituting � in the �rst equation by it's expression in terms of � we
get:

� =
A� +B
C� +D

;

where

A = aa′ + bc′; B = ab′ + bd′; C = ca′ + dc′; D = cb′ + dd′

AD −BC = (ad− bc)(a′d′ − b′c′) = ±1

Theorem 1H.2. Any two rational numbers are equivalent.

Proof. Every rational number can be expressed in the form h
k where

h; k are coprime integers. Then as (h; k) = 1 there exist natural numbers
h′; k′ such that:

hk′ − h′k = 1

so
h
k

=
h′ · 0 + h
k′ · 0 + k

:

We get that every rational is equivalent to 0, but also to any other rational,
since our relation is transitive. a

There is a correspondence between matrices
(
a b
c d

)

with determinant ±1 and transformations
ax+ b
cx+ d

. In fact
(
a b
c d

)(
x
1

)
=

(
ax+ b
cx+ d

)
:

The set of all such matrices (/transformations) with integral components
is a group under matrix multiplication (/composition of transformations),
for the product of two such matrices and the inverse of such a matrix again
have determinant ±1, so the product of any two elements of the group stays
in the group.
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If � ∈ G we de�ne for any number x:

�x =
ax+ b
cx+ d

:

Then if �; � ∈ G and I is the identity matrix,

�(�x) = (��)x and Ix = x:

Thus G operates on the set of numbers and two numbers �; � are equivalent
if there exists � ∈ G such that �� = �.

Definition 1H.3. If x = =a0; a1; : : : = is an in�nite simple continued
fraction with convergents pn; qn, we let

�n−1 =
(
pn−1 pn−2

qn−1 qn−2

)
:

We call �n−1 the (n− 1)-th continued fraction transformation of x.

The determinant of the matrix is ±1 because pn−1qn−2 − pn−2qn−1 =
(−1)n−2, by (27).

Theorem 1H.4. Let x be any irrational number with

x = =a0; a1; : : : ; an−1; rn=;

where rn is the n-th complete quotient of x, that is

rn = =an; an+1; : : : =:

Then x is equivalent to rn for n ≥ 1.

Proof. By Corollary 1C.3,

x = =a0; a1; :::; rn= =
pn−1rn + pn−2

qn−1rn + qn−2
;

so that x = �n−1rn. Thus x is equivalent to rn for n ≥ 1 and consequently
all complete quotients of x are equivalent to each other. a

Furthermore if we let

An =
(
an 1
1 0

)
;

then det(An) = −1 and by induction on n using (25),

�n = A0A1 · · ·An:
We see that this is a decomposition of the transformation ón, to each of
the n steps of the equivalent continued fraction transformation.

Notice also the similarity of this decomposition to the one of Theo-
rem 1B.1.
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Theorem 1H.5. If

x =
P� +R
Q� + S

;

where � > 1 and P;Q;R and S are integers such that

Q > S > 0; PS −QR = ±1;

then there exists some n ≥ 0 such that
R
S

=
pn−1

qn−1
;

P
Q

=
pn
qn
; and � = rn+1:

In particular, R
S and P

Q are successive convergents to the simple continued
fraction with value x.

Proof. We develop P=Q in the continued fraction representation for
rationals,

P
Q

=
pn
qn

= =a0; : : : ; an=:(44)

As we have seen in Remark 1D.8 we can have n odd or even, as we please.
So we choose n such that

PS −QR = (−1)n−1:(45)

The hypothesis PS − QR = ±1 implies that (P;Q) = 1 and Q > 0 and
by (27) and Theorem 1D.4 it is also

pnqn−1 − pn−1qn = (−1)n−1;

(pn; qn) = 1 and pn > 0. Hence P = pn; Q = qn and

pnS − qnR = PS −QR = (−1)n−1 = pnqn−1 − pn−1qn;

so that

pn(S − qn−1) = qn(R− pn−1):

So qn | pn(S − qn−1). But since (pn; qn) = 1 it must be that

qn | (S − qn−1):

But

qn = Q > S > 0; qn ≥ qn−1 > 0;

and so

|S − qn−1| < qn:

It follows that qn can't divide (S − qn−1) unless it is zero. So

S = qn−1; R = pn−1
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and

x =
pn� + pn−1

qn� + qn−1

which means that

x = =a0; : : : ; an; �=:

Developing � as a simple continued fraction, � = =an+1; an+2; : : : = we come
to the simple continued fraction representation of x,

x = =a0; a1; : : : ; an; an+1; an+2; : : : =:

We have proved that,
R
S

=
pn−1

qn−1

P
Q

=
pn
qn

and

� = rn+1: a

Theorem 1H.6. Two irrational numbers � and � are equivalent if and
only if for suitable a0; a1; : : : ; am; b0; b1; : : : ; bn and c0; c1; : : : we have,

� = =a0; a1; : : : ; am; c0; c1; : : : = � = =b0; b1; : : : ; bn; c0; c1; : : : =:(46)

Proof. Suppose � and � are as in (46) and let ! = =c0; c1; : : : =. Then

� = =a0; a1; : : : ; am; != =
pm! + pm−1

qm−1! + qm−1

but also

pmqm−1 − pm−1qm = ±1;

so � and ! are equivalent. Exactly the same argument shows that � and !
are equivalent, and so by transitivity � and � are equivalent. Conversely if
� and � are two equivalent numbers, then

� =
a� + b
c� + d

; ad− bc = ±1:

We may suppose c�+d > 0, since otherwise we may replace the coe�cients
by their negatives. When we develop � by the continued fraction algorithm,
we obtain for any k,

� = =a0; a1; : : : ; ak; ak+1; : : : = = =a0; a1; : : : ; ak−1; rk= =
pk−1rk + pk−2

qk−1rk + qk−2
:

Replacing � by this expression in �, we get

� =
P rk +R
Q rk + S

;
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where

P = apk−1 + bpk−1; R = apk−2 + bpk−2

Q = cpk−1 + dpk−1; S = cpk−2 + dpk−2

with

PS −QR = (ad− bc)(pk−1qk−2 − pk−2qk−1) = ±1:

By (34) we can write

pk−1 = �qk−1 +
�

qk−1
;where |�| < 1

pk−2 = �qk−2 +
�′

qk−2
;where |�′| < 1:

Hence

Q = (c� + d)qk−1 +
c�
qk−1

; S = (c� + d)qk−2 +
c�′

qk−2
:

Now c� + d > 0, qk−1 > qk−2 > 0 and qk−1, qk−2 tend to in�nity, so that

Q > S > 0

for su�ciently large k. For such k

� =
P� +R
Q� + S

;

where

PS −QR = ±1; Q > S > 0; � = rk > 1

and so by the previous theorem,

� = =b0; b1; : : : ; bl; �= = =b0; b1; : : : ; bl; ak; ak+1; : : : =

for some b0; b1; : : : ; bl. a

1I. Periodic continued fractions

The proofs here follow [3] and [5] (there are only minor di�erences be-
tween the proofs in the two books).

Definition 1I.1. A periodic continued fraction is an in�nite continued
fraction in which al = al+k for a �xed positive k and all l ≥ L. The sequence
of partial quotients aL; aL+1; : : : ; aL+k−1 is called the period, and we write
=a0; a1; : : : = = =a0; a1; : : : ; aL; : : : ; aL+k= in analogy to the notation for
decimal fractions.

Theorem 1I.2. A periodic continued fraction is a quadratic irrational,
i.e. an irrational root of a quadratic equation with integral coe�cients.
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Proof. Obviously the remainders of the periodic continued fraction sat-
isfy the relationship:

rl+k = rl; l ≥ L:

So we have

� =
pl−1rl + pl−2

ql−1rl + ql−2
=
pl+k−1rl+k + pl+k−2

ql+k−1rl + ql+k−2
=
pl+k−1rl + pl+k−2

ql+k−1rl + ql+k−2

so that
pl−1rl + pl−2

ql−1rl + ql−2
=
pl+k−1rl + pl+k−2

ql+k−1rl + ql+k−2
:

As pl−1ql+k−1 − ql−1pl+k−1 6= 0 (by Theorem 1D.6), the number rl satis-
�es a quadratic equation with integer coe�cients and consequently is an
irrational number. But

� =
pl−1rl + pl−2

ql−1rl + ql−2
so rl =

pl−2 − ql−2�
ql−1�+ ql−1

and if we substitute rl in the previous quadratic equation, and clear of
fractions, we get that � satis�es an equation

ax2 + bx+ c = 0:(47)

And since � is irrational, b2 − 4ac 6= 0. (If b2 − 4ac = 0 then the double
root of the equation would be −b

2a so a rational number.) a
The converse of the theorem is also true. The proof is a bit more di�cult

but also more interesting.

Theorem 1I.3. The continued fraction which represents a quadratic ir-
rational is periodic.

Proof. Suppose � satis�es the quadratic equation with integer coe�-
cients and a > 0

a�2 + b�+ c = 0:(48)

Considering the continued fraction representation of � we can write

� =
pn−1rn + pn−2

qn−1rn + qn−2
:

And if we substitute � in a�2 + b�+ c = 0 we obtain

Anr2n +Bnrn + Cn = 0;(49)

where

An = ap2
n−1 + bpn−1qn−1 + cq2n−1;

Bn = 2apn−1pn−2 + b(pn−1qn−1 + pn−2qn−1) + 2cqn−1qn−2;
Cn = ap2

n−2 + bpn−2qn−2 + cq2n−2 = An−1:
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If An = ap2
n−1 + bpn−1qn−1 + cq2n−1 = 0, then the quadratic equation

a�2 + b� + c = 0 has a unique rational root namely
pn−1

qn−1
but this is

impossible as � is irrational. Hence An 6= 0 and

Any2 +Bny + Cn = 0

is an equation one of whose roots is rn. It can be proved by induction on
n that:

Bn2 − 4AnCn = (b2 − 4ac)(pn−1qn−2 − qn−1pn−2)2 = b2 − 4ac:

That is, the discriminant of Any2 + Bny + Cn = 0 is the same as that of
ay2 + by + c = 0. Furthermore since

∣∣∣�− pn−1

qn−1

∣∣∣ < 1
qn−1

2

it follows that

pn−1 = �qn−1 +
�n−1

qn−1
|�n−1| < 1:

Therefore

An = a
(
�qn−1 +

�n−1

qn−1

)2 + b
(
�qn−1 +

�n−1

qn−1

)
qn−1 + cq2n−1

= (a�2 + b�+ c)q2n−1 + 2a��n−1 + a
�2n−1

qn−1
+ b�n−1:

So we have

|An| =
∣∣∣(a�2 + b�+ c)q2n−1 + 2a��n−1 + a

�2n−1

qn−1
+ b�n−1

∣∣∣
< 2|a�|+ |a|+ |b|;

|Cn| = |An−1| < 2|a�|+ |a|+ |b|:
Finally

Bn2 ≤ 4AnCn + |b2 − 4ac| < 4(2|a�|+ |a|+ |b|)2 + |b2 − 4ac|:
Hence the coe�cients of the quadratic equation Any2 +Bny + Cn = 0 are
all bounded in absolute value (a, b, c are independent of n) and hence there
are only a �nite number of distinct values, as n varies. But in any case rn
can only take a �nite number of distinct values, and therefore, for properly
chosen l and k,

rl = rl+k

So the continued fraction representing � is periodic. a
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No proofs analogous to this are known for continued fractions represent-
ing algebraic irrational numbers of higher degrees. In general, all that is
known concerning the approximation of algebraic numbers of higher degrees
by rational fractions amounts to Liouville's Theorem and certain proposi-
tions strengthening it (see [5]).

1J. Convergents as best approximations

In this section we will follow [5]. In fact, in [5] there can be found
many more facts, than the ones presented here and maybe this is the most
interesting and well-written part of the book. Some of the facts are also
covered in [3].

Definition 1J.1. A fraction
a
b
, for b > 0 is called a best approxima-

tion of the �rst kind of a real number x if every other rational fraction
with the same or smaller denominator di�ers from x by a greater amount,
that is, if

0 < d ≤ b; and
a
b
6= c
d

imply that ∣∣∣x− c
d

∣∣∣ >
∣∣∣x− a

b

∣∣∣:
Theorem 1J.2. Every best approximation of the �rst kind is a conver-

gent or an intermediate fraction of the continued fraction representing that
number.

Proof. Suppose that
a
b

is a best approximation of the �rst kind of the

number x. Then, �rst of all,
a
b
≥ a0 because if

a
b
< a0 then the fraction

a0

1
, (being distinct from

a
b

and having a denominator that is no greater

than b,) would lie closer to x than does
a
b

. Therefore
a
b

would not be a
best approximation of the �rst kind.

Also
a
b
≤ a0 + 1, because supposing

a
b
> a0 + 1, then

a
b
− x =

∣∣∣x− a
b

∣∣∣ >
∣∣∣x− a0 + 1

1

∣∣∣ = a0 + 1− x

(x = a0 +
1

=a1; : : : =
≤ a0 + 1 as all ais are integral).
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But this contradicts
a
b

being a best approximation of x of the �rst kind.

If
a
b

=
a0

1
=
p0

q0
then

a
b

is a convergent, and if
a
b

=
a0 + 1

1
=
p0 + p−1

q0 + q−1
,

then
a
b

is an intermediate fraction of x. Thus we can assume that

a0 <
a
b
< a0 + 1:

Suppose towards a contradiction that
a
b

does not coincide with a convergent
or intermediate fraction of the number x, then it must lie strictly between
two consecutive such fractions. For instance for properly chosen k and r
(with k > 0; 0 ≤ r < ak+1 or k = 0; 1 ≤ r < a1), it will lie between the
fractions

pkr + pk−1

qkr + qk−1

and
pk(r + 1) + pk−1

qk(r + 1) + qk−1

so that ∣∣∣ab −
pkr + pk−1

qkr + qk−1

∣∣∣ <
∣∣∣pk(r + 1) + pk−1

qk(r + 1) + qk−1
− pkr + pk−1

qkr + qk−1

∣∣∣

=
1(

qk(r + 1) + qk−1

)(
qkr + qk−1

)

On the other hand, it is obvious that
∣∣∣ab −

pkr + pk−1

qkr + qk−1

∣∣∣ =
m

b(qkr + qk−1)

where m = |(qkr+qk−1)a− (pkr+pk−1)b| ≥ 1 as m is an integer that can't
be zero because of our assumption. Consequently,

1
b(qkr + qk−1)

<
1(

qk(r + 1) + qk−1

)(
qkr + qk−1

)

and hence,

qk(r + 1) + qk−1 < b:

Now the fraction
pk(r + 1) + pk−1

qk(r + 1) + qk−1

with denominator less than b is closer to the number x than is the fraction
pkr + pk−1

qkr + qk−1
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(because, in general, from 1F.6, every intermediate fraction is closer to �
than is the preceding one) and hence it is also closer than is the fraction
a
b
, which lies between the two previous expressions. This contradicts the

assumption that
a
b

is a best approximation of the �rst kind and the proof
is complete. a

Definition 1J.3. A fraction
a
b
, for b > 0 is called a best approxima-

tion of the second kind of a real number x if

0 < d ≤ b; and
a
b
6= c
d

imply that

|dx− c| > |bx− a|:
Theorem 1J.4. Every best approximation of the second kind is neces-

sarily a best approximation of the �rst kind.

Proof. Indeed assuming towards a contradiction that
a
b

is a best ap-
proximation of x of the �rst kind but not a best approximation of the
second kind we have: ∣∣∣x− c

d

∣∣∣ ≤
∣∣∣x− a

b

∣∣∣

0 < d ≤ b;
a
b
6= c
d
:

Then on multiplying the �rst of these inequalities by the third we obtain

|dx− c| ≤ |bx− a|:

So
a
b

is not a best approximation of the �rst kind and we arrive at a
contradiction. a

The converse is not true: a best approximation of the �rst kind can fail

to be a best approximation of the second kind. For example the fraction
1
3

is a best approximation of the �rst kind of the number
1
5
. (It can be easily

veri�ed that for all integers f :
∣∣∣1
5
− 1

3

∣∣∣ <
∣∣∣1
5
− f

2

∣∣∣ and
∣∣∣1
5
− 1

3

∣∣∣ <
∣∣∣1
5
− f

1

∣∣∣:)
However, it is not a best approximation of the second kind because:

|1 · 1
5
− 0| < |3 · 1

5
− 1| and 1 < 3:
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Theorem 1J.5. Every best approximation of the second kind is a con-
vergent.

Proof. Suppose that the fraction
a
b

is a best approximation of the sec-

ond kind of the number x = =a0; a1; : : : = whose convergents are
pk
qk

. If it

were
a
b
< a0 =

p1

q0
then as b ≥ 1 we would obtain

|1 · x− a0| <
∣∣∣x− a

b

∣∣∣ ≤
∣∣∣bx− a

∣∣∣

That is
a
b

would not be an approximation of the second kind. Thus,

a
b
≥ a0 =

p1

q0
:

Suppose towards a contradiction that the fraction
a
b

does not coincide
with one of the convergents, then one of the following two cases must occur:

Case 1: If
a
b
>
p1

q1
then

∣∣∣x− a
b

∣∣∣ ≥
∣∣∣p1

q1
− a
b

∣∣∣ ≥ 1
bq1

so that

|bx− a| > 1
q1

=
1
a1
:

On the other hand,

|1 · x− a0| ≤ 1
a1

so that

|bx− a| > |a · x− a0|; 1 ≤ b;

which contradicts the assumption that
a
b

is a best approximation of x of
the second kind.

Case 2: Else if
a
b

lies strictly between two convergents
pk−1

qk−1
and

pk+1

qk+1
.

So ∣∣∣ab −
pk+1

qk+1

∣∣∣ ≥ 1
bqk+1

and ∣∣∣ab −
pk+1

qk+1

∣∣∣ <
∣∣∣pkqk −

pk−1

qk−1

∣∣∣ =
1

qkqk+1
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so that
b > qk:(50)

On the other hand,
∣∣∣x− a

b

∣∣∣ ≥
∣∣∣pk+1

qk+1
− a
b

∣∣∣ ≥ 1
bqk+1

and hence

|bx− a| ≥ 1
qk+1

whereas

|qkx− pk| ≤ 1
qk+1

so that
|qkx− pk| ≤ |bx− a|:(51)

Inequalities (50), (51) show that
a
b

is not a best approximation of the second
kind. a

Theorem 1J.6. Every convergent
pn
qn

for n ≥ 1 is a best approximation

of the second kind.

Remark: In the case of x = a0 +
1
2

, the fraction
p0

q0
=
a0

1
is not a best

approximation of the second kind because
1 · x− (a0 + 1) = 1 · |1 · x− a0|:

For a proof of Theorem 1J.6 see [4].





CHAPTER 2

SOME NUMBER THEORY

We state some basic results from number theory, mainly concerning the
behavior of some common arithmetical functions for large values of n, that
we will use later. One could skip this chapter and refer to it whenever
necessary. We will follow closely the presentation in [3] and [9].

Recall that for two functions f; g on the natural numbers,

f = O(g) ⇐⇒ for some A > 0 and all x; |f(x)| < Ag(x):

This is easily equivalent to assuming |f(x)| < Ag(x) for all su�ciently large
x.

Theorem (The Fundamental Theorem of Arithmetic, [3]). The
standard form

n = pa1
1 p

a2
2 · · · pakk a1 > 0; a2 > 0; : : : ; ak > 0 p1 < p2 < : : : < pk

of n is unique, for n ≥ 2.

2A. Sieve methods

Theorem 2A.1 ( [9]). Let A1; : : : ; Ar be subsets of a �nite set A, let
B = A\⋃r

i=1Ai, and let f(x) be any complex valued function de�ned on
A. For j ≤ r we put

Tj =
∑

x∈A
f(x) +

j∑
s=1

(−1)s
∑

{i1;::: ;is}⊆{1;::: ;r}

∑

x∈Ai1∩:::∩Ais
f(x):

Then
∑

x∈B
f(x) = Tr:

53
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Proof. If g is a characteristic function of the set B, and fi that of Ai,
then for any x ∈ A we have

g(x) = 1 +
r∑
s=1

(−1)s
∑

{i1;::: ;is}⊂{1;::: ;r}
fi1(x) · · · fis(x):(52)

Indeed, if x ∈ B, then both sides of (52) are equal to 1. If, on the other
hand x =∈ B, and x belongs to exactly m sets Ai, say to Aj1 ; : : : ; Ajm , then
the left hand side is equal to zero and the right is equal to

1 +
m∑
s=1

(−1)s
∑

{i1;::: ;is}⊂{j1;::: ;jm}
1 = 1 +

m∑
s=1

(−1)s
(
m
s

)
= (1− 1)m = 0:

Multiplying both sides of (52) by f(x) and summing over all x ∈ A, we
obtain Tr =

∑
x∈B f(x) (using the fact that A ∩B = B). a

Corollary 2A.2 (Inclusion exclusion principle). Let A1; : : : ; Ar be
subsets of a �nite set A and B = A\⋃r

i=1Ai. We have

|B| = |A|+
r∑
s=1

(−1)s
∑

{i1;::: ;is}⊂{1;::: ;r}
|Ai1 ∩ : : : ∩Ais |:

Proof is immediate applying Theorem 2A.1 with f(x) = 1. a

2B. Modular Arithmetic

Definition 2B.1. Let m be an integer. We say that two integers a and
b are congruent modulo m if m divides a − b and write a ≡ b mod m.
That is

a ≡ b mod m⇔ m | a− b:

Definition 2B.2. A relation ∼ in a nonempty set A is called an equiv-
alence relation in A if

1) (∀a ∈ A)[a ∼ a]
2) a ∼ b⇒ b ∼ a
3) [a ∼ b & b ∼ c] ⇒ a ∼ c. For each a ∈ A we de�ne the equivalence

class of a,

[a] = {x ∈ A|x ∼ a}:
Clearly a ∼ b if and only if [a] = [b].
It is easy to check that the relation ∼ de�ned by

a ∼ b⇔ a ≡ b mod m

is an equivalence relation.
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Definition 2B.3. If x ≡ a mod m then a is called a residue of x mod-
ulo m. If 0 ≤ a ≤ m− 1, then a is the least non-negative residue of x
modulo m.

The equivalence class of a ∈ Z is

[a] = {x ∈ Z| x ≡ a mod m}
= {x ∈ Z|m | x− a}
= {x ∈ Z| x− a = km; for some k ∈ Z}:

Definition 2B.4. We denote by Zm the set of all equivalence classes
de�ned by (2B.1). A complete set of (incongruent) residues mod m
is any set X of natural numbers which contains exactly one member of each
equivalence class [a] ∈ Zm, for example the set {0; 1; 2; : : : ;m− 1}.

Theorem 2B.5. Suppose that (m;m′) = 1 and that a and a′ run through
a complete set of incongruent residues modulo m and m′ respectively. Then
a′m+am′ runs through a complete set of incongruent residues modulo mm′.

Proof. There are m possible values for a and m′ possible values for a′.
So there are in total mm′ possible values for a′m + am′. If two of these
numbers were congruent then

a′1m+ a1m′ ≡ a′2m+ a2m′ mod mm′

which means that

mm′ | (a′1 − a′2)m+ (a1 − a2)m′;

so

m | (a′1 − a′2)m+ (a1 − a2)m′ and m′ | (a′1 − a′2)m+ (a1 − a2)m′

and as (m;m′) = 1 the latter yields

m | a1 − a2 and m′ | a′1 − a′2;

or equivalently

a1 ≡ a2 mod m and a′1 ≡ a′2 mod m′

which is a contradiction.
Hence the mm′ numbers are all incongruent and form a complete set of

residues mod mm′. a
Definition 2B.6. A function f(m) is multiplicative if (m;m′) = 1

implies that

f(mm′) = f(m)f(m′):
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Theorem 2B.7. (a) If f(m) and h(m) are multiplicative functions of
m, then so is g(m) = f(m)h(m):

(b) If f(m) is a multiplicative function of m, then so is

g(m) =
∑

d|m
f(d):

Proof. (a) Take m;m′ such that (m;m′) = 1. Then
g(mm′) = f(mm′)h(mm′) = f(m)f(m′) · h(m)h(m′)

= f(m)h(m) · f(m′)h(m′) = g(m)g(m′):
(b) Take m;m′ such that (m;m′) = 1. If d | m, and d′ | m′, then

(d; d′) = 1 and c = dd′ runs through all positive divisors of mm′. Hence

g(mm′) =
∑

c|mm′
f(c) =

∑

d|n;d′|n′
f(dd′)

=
∑

d|m
f(d)

∑
d′ | m′f(d′) = g(m)g(m′):

a

Definition 2B.8 (Euler's function �(n)). We denote by �(n) the num-
ber of positive integers not greater than and coprime to n. That is the
number of integers satisfying:

0 < m ≤ n; (m;n) = 1:

Theorem 2B.9. Euler's function �(n) is multiplicative.

Proof. Take m; m′ such that (m;m′) = 1. We want to show that
�(mm′) = �(m)�(m′). By Theorem 2B.5, a′m+ am′ runs through a com-
plete set of residues mod mm′ when a and a′ run through complete sets
mod m and mod m′ respectively. So for �nding the value of �(mm′) we

just have to �nd the number of values of a′m + am′ which are prime to
mm′. But

(a′m+ am′;mm′) = 1⇔ [(a′m+ am′;m) = 1 & (a′m+ am′;m′) = 1]
⇔ [(am′;m) = 1 & (a′m;m′) = 1]
⇔ [(a;m) = 1 & (a′;m′) = 1]:

Therefore the �(mm′) numbers less than and prime to mm′ are the least
positive residues of the �(m)�(m′) values of a′m+am′ for which a is prime
to m and a prime to m′. a

Theorem 2B.9 gives us an easy way to compute the values of �(m):

Theorem 2B.10. For all m ≥ 2,

�(m) = m
∏

p|m

(
1− 1

p

)
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Proof. First of all, for p prime,

�(pc) = pc − pc−1 = pc
(
1− 1

p

)
;

because the positive numbers less than or equal to pc that are not prime to
pc are the multiples of p that have the form ap, where 1 ≤ a ≤ pc−1, and
there are pc−1 such numbers.

Now if m = pa1
1 · · · pass then using Theorem 2B.9 and this we get

�(m) = �(pa1
1 ) · · ·�(pass )

= pa1
1

(
1− 1

p1

)
· · · pass

(
1− 1

ps

)

= m
∏

p|m

(
1− 1

p

)
:

a

2C. Dirichlet series

A real Dirichlet series is a series of the form

F (s) =
∞∑
n=1

an
ns
; s ∈ R:

The sum of the series F (s) is called the generating function of an.

Theorem 2C.1 (Uniqueness Theorem ([3], §17.1)). If
∑
ann−s = 0 for

s > s0, then an = 0 for all n.
As a consequence if

∞∑
n=1

an
ns

=
∞∑
n=1

bn
ns

for s > s1, then an = bn for all n.

Multiplication of Dirichlet Series. We are given a �nite set of Dirich-
let Series ∑

�nn−s;
∑

�nn−s;
∑

nn−s; : : : ;(53)

and we want to compute their formal product, that is we want to compute
a series

∑
�nn−s such that

�n =
∑

uvw···=n
�u�uw · · · :(54)

A way to understand the formal product is that we want to form all
possible products with one factor selected from each series.

The cases we will most often encounter is the multiplication of two or
three series.
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Say we want to multiply
∑
�nn−s and

∑
�nn−s. If we denote their

formal product by
∑
�nn−s then

�n =
∑
uv=n

�u�v =
∑

d|n
�d�nd =

∑

d|n
�n
d
�d:(55)

And if the two series are absolutely convergent, and their sums are F (s)
and G(s), then we can write

F (s)G(s) =
∑
u

�uu−s
∑
v

�vv−s =
∑
u;v

�u�v(uv)−s

=
∑
n

n−s
∑
uv=n

�u�v =
∑
n

�nn−s:

Notice that we have just rearranged the terms of the product.
The de�nition of the formal product can be extended to an in�nite set

of series.
We will now have to take

�1 = �1 = 1 = : : : = 1

because we want the term �u�vw : : : in (54) to contain only a �nite number
of factors which are not 1 (every n = �u�vw : : : ∈ N is �nite), and if the
series is absolutely convergent1 we can de�ne �n by (54).

Theorem 2C.2 ([3], Theorem 285). If f(1) = 1 and f(n) is multiplica-
tive, then

∑
f(n)n−s

is the formal product of the series

1 + f(p)p−s + f(p2)p−2s + : : :+ f(pa)p−as + : : : :

Proof. We are now considering the case when the series (53) are

1 + f(p)p−s + f(p2)p−2s + : : :+ f(pa)p−as + : : :

where p = 2; 3; 5; : : : takes value over all primes. The Fundamental The-
orem of Algebra guarantees that every n occurs only once as a product
uvw · · · with a non-zero coe�cient, and

�n = f(pa1
1 )f(pa2

2 ) · · · = f(n)

for n = pa1
1 p

a2
2 · · · . a

Corollary 2C.3. The formal product of the series

1 + p−s + p−2s + : : :+ p−as + : : : is
∑

n−s:

1We must assume absolute convergence because we have not speci�ed the order in
which the terms are to be taken.
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Theorem 2C.4 ([3], Theorem 286). If f(1) = 1 and f(n) is multiplica-
tive and

∑
|f(n)|n−s

is convergent, then

F (s) =
∑

f(n)n−s =
∏
p

[1 + f(p)p−s + f(p2)p−2s + : : : ]:

Proof. The terms of the series
∏
p≤P [1 + f(p)p−s + f(p2)p−2s + : : : ]

are all terms of the form

2−a2s3−a3s · · ·P−aP sf(2−a2)f(3−a3) · · · f(P−aP )

= (2a23a3 · · ·P aP )−sf(2a23a3 · · ·P aP );

where a2 ≥ 0; a3 ≥ 0; : : : ; ap ≥ 0. Note that we have just used the multi-
plicative property of f . The Fundamental Theorem of Arithmetic guaran-
tees that each of these terms appears only once. Letting n = 2a23a3 · · ·P aP
this yields

∏

p≤P
[1 + f(p)p−s + f(p2)p−2s + : : : ] =

∑

n∈HP
f(n)n−s

where HP = {n ∈ N | p | n⇒ p ≤ P; for p prime } is the set of all numbers,
that do not have any prime factors greater than P .

As {n ∈ N | n ≤ P} ⊂ HP , we have

0 <
∣∣∣
∞∑
n=1

f(n)n−s −
∑

n∈HP
f(n)n−s

∣∣∣ ≤
∑

n=∈HP
|f(n)|n−s ≤

∞∑

P+1

|f(n)|n−s:

But

lim
P→∞

∞∑

P+1

|f(n)|n−s = 0;

and so
∞∑
n=1

f(n)n−s = lim
P→∞

∑

n∈HP
f(n)n−s

= lim
P→∞

∏

p≤P
[1 + f(p)p−s + f(p2)p−2s + : : : ]

=
∏
p

[1 + f(p)p−s + f(p2)p−2s + : : : ]:
a
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2D. Arithmetical functions and their order of growth

Definition 2D.1 (The M�obius function �(n)). is de�ned as follows:
(i) �(1) = 1
(ii) �(n) = 0 if n has a square factor;
(iii) �(p1p2 · · · pk) = (−1)k if all the primes p1; p2; : : : ; pk are di�erent.
One can see from the de�nition of �(n) that it is multiplicative.

The M�obius functions combines well with the Principle of Inclusion and
Exclusion, as in the following facts.

Proposition 2D.2. Let D = {p1; : : : ; pn} be a set of distinct prime
numbers and let A be a given �nite set of integers. Denote by S the number
of elements of A which are not divisible by any of pi's, and by Sd number
of elements of A divisible by d. Then we have

S =
∑

d|p1···pn
�(d)Sd:(56)

Proof. We apply Corollary 2A.2, taking Ai to be the set of elements of
A divisible by pi. Then for d = pi1 : : : pis

Sd = Spi1 :::pis = |Ai1 ∩ : : : ∩Ais |
and �(pi1 : : : pis) = (−1)s, so that

Tn =
∑

d|p1:::pn
�(d)Sd:

a

Proposition 2D.3. Suppose f(k) is any complex-valued function.
(a) Let D = {p1; : : : ; pn} be a set of distinct prime numbers and let A

be a given �nite set of integers. Then we have
∑
x∈A

(x;p1···pn)=1

f(x) =
∑

d|p1···pn
�(d)

∑

kd∈A
f(kd):

(b) For all j and x:
∑

(k;j)=1
k<x

f(k) =
∑

d|j
�(d)

∑

kd<x

f(kd):

Proof. (a) We apply Theorem 2A.1, taking Ai to be the set of elements
of A divisible by pi. Then if d = pi1 : : : pis , and Sd is the set of all elements
of A divisible by d, we have

Sd = Spi1 :::pis = Ai1 ∩ : : : ∩Ais = {h| h ∈ A; h = kd for some k ∈ N}
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and �(pi1 : : : pis) = (−1)s, so that

Tn =
∑

d|p1:::pn
�(d)

∑

kd∈A
f(kd):

(b) We apply (a) taking A to be the set of all positive integers less than x.
Then the positive integers less than x that are coprime with j are coprime
with all the prime factors, say p1; : : : ; pn, of j. But if d has a square factor,
then �(d) = 0, so if p1; : : : ; pn are the di�erent prime factors of j, and we
have,

∑
(k;j)=1
k<x

f(k) =
∑

d|p1:::pn
�(d)

∑

kd<x

f(kd) =
∑

d|j
�(d)

∑

kd<x

f(kd):
a

By Proposition 2D.2, taking A to be the set of all numbers less than n
and D the set of all prime divisors p; p′; : : : of n, we obtain

�(n) = n−
∑ n

p
+

∑ n
pp′

− : : : = n
∑

d|n

�(d)
d

= n
∏

p|n

(
1− 1

p

)
;(57)

which is a strengthened form of Theorem 2B.10.

Theorem 2D.4.
∑

d|n
�(d) =

{
1 if n = 1
0 if n > 1

Proof. If n = 1 we have �(n) = 1.
Suppose now that n > 1, and the standard form (see the Fundamental

Theorem of Arithmetic) of n is

n = pa1
1 · · · pakk ; where k ≥ 1

then using only the de�nition of �(d) we have
∑

d|n
�(d) = 1 +

∑

i

�(pi) +
∑

i;j

�(pipj) + : : :

= 1− k +
(
k
2

)
−

(
k
3

)
+ : : : = (1− 1)k = 0: a

Proposition 2D.5 (The M�obious inversion formula). If

g(n) =
∑

d|n
f(d); then f(n) =

∑

d|n
�(
n
d

)g(d) =
∑

d|n
�(d)g(

n
d

):

Proof. We have∑

d|n
�(d)g

(n
d

)
=

∑

d|n
�(d)

∑

c|nd
f(c) =

∑

cd|n
�(d)f(c) =

∑

c|n
f(c)

∑

d|nc
�(d):
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But form Theorem 2D.4
∑

d|nc
�(d) =

{
1 if

n
c

= 1 ⇔ n = c

0 otherwise

which yields
∑

c|n
f(c)

∑

d|nc
�(d) = f(n):

For further reference see [3], §16.4. a
Definition 2D.6 (The zeta function). The zeta function is the sim-

plest in�nite Dirichlet series

�(s) =
∞∑
n=1

1
ns
:

It converges for s > 1. In particular (for a proof you can see [2])

�(2) =
∞∑
n=1

1
n2

=
�2

6
:(58)

Theorem 2D.7 (Theorem 280, [3]). For s > 1 we have

�(s) =
∏
p

1
1− p−s

:

Proof. Since p ≥ 2, for s > 1 we have
1

1− p−s
= 1 + p−s + p−2s + : : : :

Now the terms of the series
∏
p≤P (1 + p−s + p−2s + : : : ) are all terms of

the form

2−a2s3−a3s · · ·P−aP s = (2a23a3 · · ·P aP )−s;

where a2 ≥ 0; a3 ≥ 0; : : : ; ap ≥ 0. The Fundamental Theorem of Arith-
metic guarantees that each of these terms appears only once. Letting
n = 2a23a3 · · ·P aP this yields

∏

p≤P

1
1− p−s

=
∑

n∈H
n−s

where HP = {n ∈ N | p | n⇒ p ≤ P; for p prime} is the set of all numbers,
that do not have any prime factors greater than P .

As {n ∈ N | n ≤ P} ⊂ HP , we have

0 <
∞∑
n=1

n−s −
∑

n∈HP
n−s <

∞∑

P+1

n−s:
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But

lim
P→∞

∞∑

P+1

n−s = 0

and so by the Sandwich Theorem
∞∑
n=1

n−s = lim
P→∞

∑

n∈H
n−s = lim

P→∞

∏

p≤P

1
1− p−s

=
∏
p

1
1− p−s

:
a

Theorem 2D.8 (Theorem 287 [3]). We have

1
�(s)

=
∞∑
n=1

�(n)
ns

:

Proof.
1
�(s)

=
∏
p

(1− p−s) by Theorem 2D.7

=
∏
p

[1 + �(p)p−s + �(p2)p−2s + : : : ] �(n) is multiplicative

=
∞∑
n=1

�(n)
ns

by Theorem 2C.4:
a

The function d(n) is the number of divisors of n, including 1 and n.

d(n) =
∑

d|n
1

by Theorem 315, p.260 of [3], for all �:

d(n) = O(n�):(59)

The function �k(n) is the sum of the k-th powers of the divisors of n.
Thus

�k(n) =
∑

d|n
dk:

So

�0(n) = d(n)

and reversing the order of summation, (which is a very common trick,)

�−1(n) =
∑

d|n

1
d

=
∑

d|n

d
n

=
1
n

∑

d|n
d =

1
n
�1(n):
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The order of �1(n) is O(n ln lnn). See Theorem 323, p.266 of [3].
Consequently it is

�−1(n) = O(ln lnn):(60)

Now we are going to see two theorems that enable us to get very useful
results about the order of growth of sums over the integers using integrals.
Our presentation is based on [3] and [9]. In the latter book you can also
�nd other similar results.

Theorem 2D.9. Suppose c1; c2; : : : is a sequence of numbers, such that

C(t) =
∑

n≤t
cn;(61)

and f(t) is a function of t. Then
∑

n≤x
cnf(n) =

∑

n≤x−1

C(n){f(n)− f(n+ 1)}+ C(x)f(bxc):(62)

And if cj = 0 for j < n1 and f ′(t) is continuous for t ≥ n1, we also have

∑

n≤x
cnf(n) = C(x)f(x)−

∫ x

n1

C(t)f ′(t)dt:(63)

Proof. Let N = bxc. From (61) we get

C(1) = c1; C(2) = c1 + c2; : : : ; c(N) = c1 + : : :+ cn

so

c1 = C(1); c2 = C(2)− C(1); : : : ; cn = C(N)− C(N − 1)

Substituting these expressions for c1; c2; : : : ; cn we get that
∑

n≤x
cnf(n) = C(1)f(1)+{C(2)−C(1)}f(2)+: : :+{C(N)−C(N−1)}f(N)

= C(1){f(1)−f(2)}+ : : :+C(N−1){f(N−1)−f(N)}+C(N)f(N):

And as C(N) = C(bxc)C(x) we have proved (62).
For the proof of the second part the main observation is that C(t) = C(n)

when n ≤ t < n+ 1, and so

C(n){f(n)− f(n+ 1)} = −C(n)
∫ n+1

n
f ′(t)dt

= −
∫ n+1

n
C(t)f ′(t)dt:
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Consequently
∑

n≤x
cnf(n) = C(x)f(bxc)−

∑

n≤x−1

∫ n+1

n
C(t)f ′(t)dt

= C(x)f(bxc)−
∫ bxc

n1

C(t)f ′(t)dt

= C(x)f(bxc)−
∫ x

n1

C(t)f ′(t)dt+
∫ x

bxc
C(t)f ′(t)dt

= C(x)f(bxc)−
∫ x

n1

C(t)f ′(t)dt+ C(x){f(x)− f(bxc)}

= C(x)f(x)−
∫ x

n1

C(t)f ′(t)dt: a
Theorem 2D.10. If a function decreases to zero and has a continuous

derivative in the interval [1;∞), then for every x ≥ 1 we have
∑

n≤x
f(n) = (f(1)− C) +

∫ ∞

1

f(t)dt+O(f(t))

with C =
∫ x
1

(btc − t)f ′(t)dt.

Proof. Taking cn = 1 and n1 = 1 we get C(t) = btc and so equa-
tion (63) gives

∑

n≤x
f(n) = bxcf(x)−

∫ x

1

btcf ′(t)dt(64)

We can take C =
∫ x
1

(btc − t)f ′(t)dt as the integral is convergent being
majorized by

∫∞
1

(− f ′(t)
)
dt = f(1). So we can write

∫ x

1

btcf ′(t)dt =
∫ x

1

(btc − t)f ′(t)dt+
∫ x

1

tf ′(t)dt

=
∫ ∞

1

(btc − t)f ′(t)dt−
∫ ∞

x
(btc − t)f ′(t)dt

+
(
[tf(t)]x1 −

∫ x

1

f(t)dt
)

= C −
∫ ∞

x
(btc − t)f ′(t)dt+ xf(x)− f(1)−

∫ x

1

f(t)dt

= C −O(
∫ ∞

x
−f ′(t)dt) + xf(x)− f(1)−

∫ x

1

f(t)dt

(as 0 ≤ t− btc < 1)

= C + xf(x)− f(1)−
∫ x

1

f(t)dt−O(f(x)):
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Substituting now in (64) we get
∑

n≤x
f(n) = (bxc − x)f(x)− C + f(1) +

∫ x

1

f(t)dt+O(f(x))

= f(1)− C +
∫ x

1

f(t)dt+O(f(x))

using again that 0 ≤ x− bxc < 1. a
Corollary 2D.11 ( [3] Theorem 422).

∑

k≤n

1
k

= lnn+  +O(
1
x

) = lnn+O(1);(65)

where

 = 1−
∫ ∞

1

(t− btc)
t2

dt:

This is very basic asymptotic formula of which we will very frequently
make use.

Proof. We will use the previous Theorem ( 2D.10 ) applied to the

function f(t) =
1
t
. (Of course limt→∞ f(t) = 0.)

∑

n≤x

1
n

= 1− C +
∫ x

1

1
t
dt+O

( 1
x

)

= lnx+  +O
( 1
x

)
;

where

 = 1− C = 1−
∫ ∞

1

(t− btc)
t2

dt: a

Corollary 2D.12. We have
∑

n≤x

lnn
n

=
1
2

ln2 x+ C1 +O
( log x

x

)
(66)

for some constant C1.

Proof. Just as before, we will use Theorem 2D.10 applied to the func-

tion f(t) =
ln t
t

. (Of course limt→∞ f(t) = 0.)

∑

n≤x

lnn
n

= 1− C +
∫ x

1

ln t
t
dt+O

( lnx
x

)

= C1 +
1
2

ln2 x+O
( lnx
x

)
;
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where we have used that
∫ x

1

ln t
t
dt =

1
2

ln2 t;

because
∫ x

1

ln t
t
dt =

[
ln2 t

]x
1
−

∫ x

1

ln t
t
dt: a

Lemma 2D.13.
∑

n≤x

lnn
n2

= O(1)(67)

∑

n≤x

(lnn)2

n2
= O(1)(68)

Proof. By de l' Hospital's we have

lim
r→∞

(ln r)2

r2
= lim
r→∞

ln r
r2

= lim
r→∞

1
2r2

= 0

and since
∞∑
r=1

1
r2

<∞;

we have that
∞∑
r=1

(ln r)2

r2
= O(1);

∞∑
r=1

ln r
r2

= O(1):
a

Lemma 2D.14.
∑
r>x

1
r2

= O(
1
x

)(69)

Proof.
∑

r≥x

1
r2
<

∑

r≥x

1
r(r + 1)

=
( 1
x
− 1
x+ 1

)
+

( 1
x+ 1

− 1
x+ 2

)
+ : : :

=
1
x

+ lim
k→∞

−1
x+ k

= O(
1
x

): a

The rest of the chapter will be very useful for anyone who would like to
read Heilbronn's paper [4]. (It was very interesting to see which ideas of [4]
are reproduced in [6] and how they are extended.)
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Lemma 2D.15.
n∑

d=1

�(d)
d2

=
∞∑

d=1

�(d)
d2

−
∑

d>n

�(d)
d2

(70)

=
1
�(2)

−
∑

d>n

�(d)
d2

=
6
�2

+O(
1
n

):

Lemma 2D.16.
n∑

m=1

�(m)
m

= n
6
�2

+O(lnn)(71)

Proof. The method of proof is very similar to that of [3], Theorem 330.
We have:

n∑
m=1

�(m)
m

=
n∑

m=1

∑

d|m

�(d)
d

=
∑

dd′≤n

�(d)
d

=
n∑

d=1

�(d)
d

bnd c∑

d′=1

1 =
n∑

d=1

�(d)
d
bn
d
c

=
n∑

d=1

�(d)
d

(n
d

+O(1)
)

= n
n∑

d=1

�(d)
d2

+O(
n∑

d=1

�(d)
d

)

= n
6
�2

+ nO(
1
n

) +O(
n∑

d=1

1
d
) (by (70) and as |�(d)| ≤ 1)

= n
6
�2

+ nO(
1
n

) +O(lnn) (by (65))

= n
6
�2

+O(lnn): a
Lemma 2D.17.

n∑
m=1

�(m)
m2

= lnn
6
�2

+O(1)(72)

Proof. The proof is very similar to that of the previous lemma:
First of all

n∑

d=1

�(d)
d2

=
∞∑

d=1

�(d)
d2

−
∑

d>n

�(d)
d2

(73)

=
6
�2

+O(
1
n

)
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n∑
m=1

�(m)
m2

=
n∑

m=1

1
m

∑

d|m

�(d)
d

=
∑

dd′≤n

�(d)
d2d′

=
n∑

d=1

�(d)
d2

bnd c∑

d′=1

1
d′

=
n∑

d=1

�(d)
d2

(
ln bn

d
c+O(1)

)

=
n∑

d=1

�(d)
d2

(
ln
n
d

+O(1)
)

(by the Mean Value Theorem)

= lnn
n∑

d=1

�(d)
d2

−
n∑

d=1

�(d) ln d
d2

+O(1)
n∑

d=1

�(d)
d2

=
6
�2

lnn+O(1) (by (68)) a
Note also the inequality:

6
�2

=
1
�(2)

<
�(n)
n

�−1(n) ≤ 1;(74)

which holds because
1
�(2)

=
∞∑
n=1

�(n)
n2

<
∑

d|n

�(d)
d

∑

d|n

1
d

=
�(n)
n

�−1(n):





CHAPTER 3

AVERAGE CASE ANALYSIS OF THE
SUBTRACTIVE EUCLIDEAN ALGORITHM

In this (main) part of this paper, we will establish an asymptotic formula
for the average complexity of the subtractive Euclidean algorithm, the cel-
ebrated Yao-Knuth result in [6].

3A. Preliminaries

In this Chapter we deal with simple continued fractions whose �rst partial
quotient is zero, that is continued fractions of the form:

1

x1 +
1

x2 + . . .+
1
xr

= =0; x1; x2; : : : ; xr=

Obviously any continued fraction in this class lies in the interval [0; 1]. This
is a short of normalization, very useful when one wants to use probability
theory, see for instance [6].

Now the basic observation is that

=0; x1; x2; : : : ; xr= =
1

=x1; x2; : : : ; xr=
:(75)

This gives us an easy way to modify the results of Chapter 1.

Theorem 3A.1. (analog of Theorem 1A.8)

=0; x0; x1; : : : ; xn= =
Qn(x1; x2; : : : ; xn)
Qn+1(x0; x1; : : : ; xn)

:(76)

Proof is easy, taking the reciprocal of the continued fraction in Theo-
rem 1A.8. a

71
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If the partial quotients of the Q-polynomials in (76) are evaluated over
N \ {0} they are relatively prime by Theorem 1D.4 and we will make very
frequent use of this fact.

We will use very few results about continued fractions, but a very good
general understanding of Q-polynomials and continued fractions is crucial
for understanding the proofs in this chapter.

Subtractive Euclidean Algorithm. Here is Euclid's succinct descrip-
tion of the subtractive Euclidean algorithm: given two numbers, replace
repeatedly the larger number by the di�erence of the two until both are
equal; then their greatest common divisor is the common value.

For example:

{18; 42} → {18; 42− 18 = 24} → {18; 24− 18 = 6} → {18− 6 = 12; 6}
→ {12− 6 = 6; 6}:

so the answer is 6. And the number of subtraction steps is 4.
More strictly the Subtractive Euclidean Algorithm can be formulated as

follows:
1. If u = 1 or v = 1 terminate with 1 as the answer.
2. If u = v, terminate with u as the answer.
3. If u > v set u← u− v and go to 1.
4. If u < v set v ← v − u and go to 1.
The Euclidean algorithm with use of division is:

42 = 18 · 2 + 6
18 = 6 · 3 + 0

the continued fraction representation of
18
42

is:

18
42

= 0 +
1

2 +
1
3

= 0 +
1

2 +
1

2 +
1
1

= =0; 2; 2; 1=

q1 = 2; q2 = 2

The number of subtraction steps equals 2+2=4. This is reasonable: when
we divide two numbers n;m such that n = q ·m+r with 0 ≤ r < n it is the
same as subtracting m from n, q times. (Recall that the partial quotients in
the continued fraction algorithm are exactly the quotients in the Euclidean
algorithm.)

So the division 42 = 18 · 2 + 6 corresponds to the two subtractions:

{18; 42− 18 = 24} → {18; 24− 18 = 6};
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while the division 18 = 6 · 2 + 6 corresponds to the two subtractions:

{18− 6 = 12; 6} → {12− 6 = 6; 6}:
In our example the two possible continued fraction representations are

=0; 2; 2; 1= and =0; 2; 3=. The reason we choose the representation =0; 2; 2; 1=
and do not count the �nal 1 when counting the subtraction steps, is that
if we implement the division algorithm with subtractions we perform one
more subtraction step than does the original subtractive algorithm for the
gcd which in our example is {6; 6} → {6; 0}. (The subtractive algorithm
terminates when the two numbers of the pair are equal.)

Definition 3A.2. Let r = r(m;n) denote the number of divisions by
the Euclidean Algorithm.

Theorem 3A.3. For all n ≥ m ≥ 2, r(m;n) ≤ 2 logm. Consequently
r(m;n) = O(log n):

Proof is by complete induction on m. We must consider three cases:
Case 1, m | n; now r(n;m) = 1 ≤ 2 logm, since m ≥ 2 and so logm ≥ 1.
Case 2, n = mq1 + r1 with 0 < r1 < m, but r1 | m; now r(n;m) = 2, and

2 ≤ 2 logm, as above.
Case 3, n = mq1 + r1 and m = r1q2 + r2 with 0 < r2 < r1 < m. Notice

that the last, triple inequality implies that m ≥ 3. If r2 = 1, then only one
more division is needed, so r(n;m) = 3, and (easily) 3 < 2 log 3 ≤ 2 logm.
Suppose then that r2 ≥ 2, and consider the next division,

r1 = r2q3 + r3 (q3 ≥ 1; 0 ≤ r3 < r2):

Using the facts that q2 ≥ 1 and r2 < r1,

m = r1q2 + r2 ≥ r1 + r2 > 2r2;

which by the Induction Hypothesis for r2 ≥ 2 gives

r(n;m) = 2 + r(r1; r2) ≤ 2 + 2 log r2

≤ 2 + 2 log(
m
2

) = 2
(
1 + log(

m
2

)
≤ 2 logm;

as required. a
Definition 3A.4. Let S(n) denote the average number of steps to com-

pute (m;n) by the subtractive Euclidean Algorithm, when m is uniformly
distributed in the range 1 ≤ m ≤ n:

We will prove the following main theorem:

Theorem 3A.5 (Yao & Knuth).

S(n) =
6
�2

(lnn)2 +O(logn(log log n)2)
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It is obvious that this proof has been the result of a very careful reading
and deep understanding of [4]. Heilbronn was in fact interested in a Number
Theoretic question, that turned out to be essentially the question of the
average case analysis of the Euclidean Algorithm (with division).

Let bxc denote the largest integer less than or equal to x.
Then x mod y = x− ybx

y
c is the remainder of x after division by y.

If 1 ≤ m ≤ n, then by the continued fraction algorithm there is a unique
(because of the 1 at the end) �nite sequence of integers such that

m
n

= =0; q1; q2; : : : ; qr; 1=

Moreover the qi s are the quotients in the Euclidean algorithm that uses
division. We have 1 ≤ m ≤ n, hence

m
n
≤ 1 Suppose the division equation

for the pair {n;m} is:

n = q1m+ r1; 0 ≤ r1 < m

If r1 = 0 then
m
n

=
m
q1m

=
1
q1

.

Else if r1 6= 0 it is

m
n

=
1
n
m

=
1

mq1 + r1
m

=
1

q1 +
r1
m

where

q1 = b n
m
c; r1

m
=
n mod m

m
< 1:

Now since
n mod m

m
< 1 we can continue the algorithm substituting

m
n

by

n mod m
n

.
The number of subtractions required to compute the gcd (m;n) is pre-

cisely q1 + q2 + : : : + qr, because we subtract the smaller integer m from
the greater n \as many times as we can", that is q1 =

⌊ n
m

⌋
times, so we

subtract until the remainder is strictly less than the greater number. Then
we see how many times we can subtract the previous remainder from the
smaller number. So we see that the subtractive algorithm does exactly
the same computations as the Euclidean algorithm, when division is im-
plemented by successive subtractions, so that each division with quotient q
corresponds to q subtractions of the same number. Except for the last step,
where we perform q − 1 in order to end up with two numbers, both equal
to the greatest common divisor, rather than with a zero and the greatest
common divisor.
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So if we let

C(m;n) = q1(m;n) + : : :+ qr(m;n)(m;n)

then the average number of steps of the Subtractive Euclidean Algorithm
will be

S(n) =
∑
m C(m;n)

n
=

∑n
m=1

∑r(m;n)
i=1 qi(m;n)
n

(77)

(m is uniformly distributed in [1; n] so the probability to hit some speci�c

value of m is
1
n

.)
What we are going to do next is reduce the problem of computing the

quotients qi, to the problem of adding up all solutions of the equation
xx′ + yy′ = n under certain conditions.

Definition 3A.6. For n ≥ 1, a quadruple {x; x′; y; y′} is an H-repre-
sentation of n if

n = xx′ + yy′; (x; y) = 1

x > y > 0; x′ ≥ y′ > 0:

The name H-representation was given by Yao and Knuth to honor Hans
Heilbronn, as it is a sharpened form of a representation �rst introduced by
Heilbronn in [4].

Theorem 3A.7. There is a 1-1 correspondence between H-representa-
tions of n and ordered pairs {m; j} where

0 < m <
1
2
n; and 1 ≤ j ≤ r(m;n):

Furthermore if {xj ; x′j ; yj ; y′j} corresponds to {m; j}, and qj is the j + 1-th
partial quotient in the continued fraction

m
n

= =0; q1; q2; : : : ; qj ; : : : ; qr; 1=;

then
yj
xj

= =0; qj ; : : : ; q1=
y′j
x′j

= =0; qj+1; : : : ; qr; 1=

and consequently

bxj
yj
c = qj :(78)

Note that the proof of Theorem 3A.7 that will be given here is not
the one presented in the paper by Yao and Knuth but is very similar to
the proof given by Heilbronn in [4] and gives a much better overview of
what an H-representation actually does. The recursive properties of the
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H-representations highlighted by the proof given by Yao and Knuth are
presented in the Appendix.

Proof. Let d = (m;n) be the gcd of m and n then we can develop
m
n

in a unique way as a continued fraction ending with a 1:
m
n

= =0; q1; q2; : : : ; qr; 1= =
Qr(q2; : : : ; qr; 1)
Qr+1(q1; : : : ; qr; 1)

The Q-polynomials in this representation are relatively prime. (See Theo-
rem 1D.4 and Theorem 3A.1.) So

m = d ·Qr(q2; : : : ; qr; 1) n = d ·Qr+1(q1; : : : ; qr; 1)

we have supposed that 0 <
m
n

=
1

q1 +
1
: : :

<
1
2

, so it is

q1 > 1:(79)

Starting with a pair {m; j} let it correspond to the H-representation

{xj ; x′j ; yj ; y′j}
where

xj = Qj(q1; : : : ; qj) x′j = d ·Qr−j+1(qj+1; : : : ; qr; 1)

yj = Qj−1(q1; : : : ; qj−1) y′j = d ·Qr−j(qj+2; : : : ; qr; 1)

then {xj ; x′j ; yj ; y′j} is an H-representation:

(xj ; yj) = 1; by Theorem 1B.2

Moreover by Theorem 1B.4,

xjx′j + yjy′j = d ·Qr(q1; : : : ; qr; 1) = n

and as 1 ≤ j ≤ r one immediately sees that

xj > yj ≥ y1 = Q0 = 1 > 0

x′j ≥ y′j ≥ x′r = y′r = d > 0

so that

xj > yj > 0
x′j ≥ y′j > 0:

Notice that x1 = Q1(q1) = q1 > y1 = Q0 = 1 by (79) and that the only
case when x′j = y′j is for j = r, when x′r = y′r = d.

We also observe that
yj
xj

= =0; qj ; : : : ; q1=
y′j
x′j

= =0; qj+1; : : : ; qr; 1=
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Consequently as =0; qj−1; : : : ; 1= < 1, we have

xj
yj

= qj + =0; qj−1; : : : ; 1=; hence bxj
yj
c = qj :

The correspondence we have established is 1−1, because supposing two dif-
ferent pairs {m; j} and {m1; j1} corresponded to the same H-representation
{x; x′; y; y′}, then if

m
n

= =0; q1; : : : ; qr=; qr > 1 and
m1

n
= =0; p1; : : : ; pr1=; pr1 > 1(80)

we would have
y
x

= =0; qj ; : : : ; q1= and
y
x

= =0; pj1 ; : : : ; q1=, which by
the uniqueness of a continued fraction representation ending with a 1,

means that j = j1 and pj = qj ; : : : ; p1 = q1. In the same way
y′

x′
=

=0; qj+1; : : : ; qr; 1= and
y′

x′
= =0; pj+1; : : : ; pr1 ; 1= implies that r = r1 and

qj+1 = pj+1; : : : ; qr = pr. But then by equation (80) we also have m = m1.

Conversely given an H-representation {x; x′; y; y′} of n we can determine
the unique {m; j} it corresponds to as follows.

First let

d = (x′; y′)

Then develop
y
x

and
x′

y′
as continued fractions, with last partial quotient

greater than 1 (for the uniqueness).

y
x

= =0; aj ; : : : ; a1= =
Qj−1(aj+1; : : : ; a1)
Qj(aj ; : : : ; a1)

y′

x′
= =0; b1; : : : ; bs= =

d ·Qs−1(b2; : : : ; bs)
d ·Qs(b1; : : : ; bs)

The numbers aj ; : : : ; a1; b1; : : : ; bs are uniquely determined by {x; x′; y; y′}.
The number that is represented by the continued fraction

=0; a1; : : : ; aj ; b1; : : : ; bs=

has denominator n because

=0; a1; : : : ; aj ; b1; : : : ; bs= =
Qj+s−1(a2; : : : ; aj ; b1; : : : ; bs)
Qj+s(a1; : : : ; aj ; b1; : : : ; bs)

Again by Theorem 1B.4,
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d ·Qj+s(a1; : : : ; aj ; b1; : : : ; bs)
= Qj(a1; : : : ; aj)[d ·Qs(b1; : : : ; bs)]

+Qj−1(a1; : : : ; aj−1)[d ·Qs−1(b2; : : : ; bs)]
= xx′ + yy′ = n

So =0; a1; : : : ; aj ; b1; : : : ; bs= =
m
n

, for some number m, and as we have

taken a1 > 1, it is also 1 ≤ m < 1
2n. That is starting with an H-

representation {x; x′; y; y′} of n we have found the unique pair {m; j} it
corresponds to. a

Corollary 3A.8.

nS(n) = 2
∑

bx
y
c+ 1− (n mod 2)

where the sum is over all H-representations of n.

Proof. By the previous lemma the sum
∑bx

y
c over all H-representations,

equals the total number of subtractions to compute the greatest common
divisor of m and n, (m;n) for 1 ≤ m <

1
2
n.

It is also the total number of subtractions to compute (m;n) for 1
2n < m < n,

since if we have some m with

1 ≤ m <
1
2
n then

1
2
n < n−m < n

and the subtractive algorithm for the pair {m;n} di�ers from the subtrac-
tive algorithm for the pair {n −m;n} only at the �rst step, so they have
the same number of steps:

{m;n} → {n−m;m} → : : :→ {(m;n); (m;n)}
{n−m;n} → {n−m;m} → : : :→ {(n−m;n); (n−m;n)}:

Finally we add the cases:
Case 1. m = n here the algorithm ends after 0 steps. (We add 0 to the

formula.)

Case 2. m =
1
2
n this case occurs only for n even and needs one step:

{n
2
; n} → {n

2
;
n
2
}

Consequently for the two previous cases we add

1− (n mod 2)
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steps to the formula, as

1− (n mod 2) =

{
1 if n mod 2 ≡ 0
0 otherwise. a

3B. Reduction of the problem

Let
∑′bx

y
c

denote the sum over all H-representations of n with x′y < 1
2n.

For the excluded H-representations with
n
x′y

≤ 2

we have

1 <
x
y
<
x
y

+
y′

x′
=

n
x′y

≤ 2

(we use the fact that 0 < y′ ≤ x′ and that 0 < y < x), so

1 <
x
y
< 2

which means that the excluded H-representations have

bx
y
c = 1:

By (77) and Corollary 3A.8 we have

nS(n) =
n∑

m=1

r(m;n)∑

i=1

qi(m;n) = 2
∑

bx
y
c+ 1− (n mod 2):(81)

And as by Theorem 3A.3, r = r(m;n) = O(logn), we have

n∑
m=1

r(m;n)∑

i=1

1 = n ·O(log n);

so
∑

bx
y
c =

∑′bx
y
c+O(n log n):(82)

The following Theorem determines which H-representations of n satisfy
x′y <

1
2
n, and consequently gives us a way to compute the sum

∑′bx
y
c.
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Theorem 3B.1. Given x′; y > 0 and x′y < 1
2n, there exist H-representations

(x; x′; y; y′) of n if and only if

(y; n) = (y; x′):

And when this holds there are exactly (y; n)
∏

(1−p−1) such H-representations,
where the product is over all primes p which divide (y; n) but not

y
(y; n)

.

Proof. First let (x; x′; y; y′) be an H-representation of n then, as

n = xx′ + yy′ and (x; y) = 1

we have

(y; n) | yy′ − n = xx′
(x;y)=1⇒ (y; n) | x′

and of course (y; n) | y

}
⇒ (y; n) | (x′; y):(83)

Moreover
(y; x′) | yy′ + xx′ = n

(y; n) | y

}
⇒ (x′; y) | (y; n):(84)

So by (83) and (84) we get

(y; x′) = (y; n):

For the other direction let

d = (y; n) = (y; x′):

Then there exist a; b ∈ Z such that

d = ax′ + by:

We will show that if x′; y > 0 and x′y < 1
2n then (x; x′; y; y′) is an H-

representation.

Lemma A. Suppose at least one of the numbers x; y′; n is di�erent than
zero and that d | n and let d = (y; x′).

(a) The set of all solutions {x; y′} to

n = x′x+ yy′(85)

is given by

{xq; y′q} =
{an+ qy

d
;
bn− qx′

d
}
; for q ∈ Z;

where a; b ∈ Z are such that d = ax′ + by.
(b) For k = 0; 1; 2; : : : ; d− 1, exactly one value of q will give

k · x
′

d
< y′ =

bn− qx′

d
≤ (k + 1) · x

′

d
:
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(c) Exactly d consecutive values of q will satisfy

0 <
bn− qx′

d
≤ x′; i.e. y′ ≤ x′:

Proof . (a) Suppose we have a solution to (85), say {x0; y′0}, and take

{x; y′} = {x0 + q
y
d
; y′0 − q

x′

d
}; where q ∈ Z:(86)

We observe that for any q ∈ Z, {x; y′} satis�es the equation x′x+ yy′ = n.
We also have that all solutions to the equation n = x′x+ yy′ are of the

form (86). Because if we have two pairs {x; y′} and {x0; y′0}, such that

n = x′x+ yy′

n = x′x0 + yy′0;

we get

x′(x− x0) = y(y′0 − y′);(87)

and as d = (y; x′),
x′

d
(x− x0) =

y
d
(y′0 − y′):

Since (
x′

d
;
y
d
) = 1, we get that

x′

d
| y′0− y′. Hence there exists a q ∈ Z such

that y′0 − y′ = q
x′

d
, which means that y′ = y′0 − q

x′

d
. Then by (87) we also

get x = x0 + q
y
d

.
So starting with a single solution {x0; y0} to (85) we can express every

other solution {x; y′} to n = x′x+ yy′ as

{x; y′} =
{
x0 + q

y
d
; y0 − q

x′

d
}
; for some q ∈ Z:

What remains is to �nd a solution {x0; y′0} to (85). We have d = ax′+by′.
Since d | n we have

n = d
n
d

=
an
d
x′ +

bn
d
y:

This means that {x0; y′0} = {an
d
;
bn
d
} is a solution to n = x′x+ yy′.

(b) We want to see for how many values q we have

k · x
′

d
< y0 − q

x′

d
≤ (k + 1) · x

′

d
;

but this is equivalent to

q · x
′

d
< y0 − k

x′

d
and q

x′

d
≥ y0 − (k + 1) · x

′

d
;(88)
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and as x′ > 0, this is equivalent to
y0d
x′

− k > q ≥
(y0d
x′

− k
)
− 1:

But exactly one value of q ∈ Z satis�es the preceding inequality. This

means that there is a unique yq with k · x
′

d
< y′q ≤ (k + 1) · x

′

d
.

(c) We have that for k = 0; 1; 2; : : : ; d− 1, exactly one value of q will be

such that k · x
′

d
< y′q ≤ (k+1) · x

′

d
. Consequently, exactly d values of q will

satisfy 0 < y′q ≤ d · x
′

d
. These values are consecutive and this can be seen

as follows: subtracting 1 from (88), we obtain

y0d
x′

− k − 1 > q − 1 ≥
(y0d
x′

− k − 1
)
− 1;

which is equivalent to

(k + 1) · x
′

d
< y0 − (q + 1)

x′

d
≤ (k + 2) · x

′

d
;

so if a speci�c value of q gives a y′q such that

k · x
′

d
< y′q ≤ (k + 1) · x

′

d
;

then

(k + 1) · x
′

d
< y′q−1 ≤ (k + 2) · x

′

d
:

a (Lemma A)
By Lemma A, exactly d consecutive values of q will satisfy 0 < y′ ≤ x′:

From the hypothesis we have x′y <
1
2
n, and this yields

n
x′

> 2y, so that
we have

n
x′
− y > y:(89)

We have

x =
n− yy′

x′
(as n = xx′ + yy′)

≥ n
x′
− y (because

y′

x′
≤ 1)

> y: (by (89))

So d of the solutions {x; y′} to (85) satisfy x > y > 0 and x′ ≥ y′ > 0.
In order to count how many of these d solutions are H-representations, we
have to count how many satisfy (x; y) = 1.
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Lemma B. If p is a prime divisor of
y
d

, then p does not divide
an
d

, hence
p does not divide x.

Proof . Since (y; n) = d, we have

(
y
d
;
n
d

) = 1;

hence if p | y
d

, then p -
n
d

.
Now supposing towards a contradiction that there exists p such that

p | y
d

and p | a
we get that

p | ax
′

d
+ b

y
d

= 1 which is a contradiction.

(Note that d = (y; x′) yields that
x′

d
is an integer.)

Now p is prime, p - a and p -
n
d

, so p - a
n
d

. Suppose towards a con-
tradiction that p | x, then as by the hypothesis p | x we would have that
p | x =

an+ qy
d

. So p - x. a (Lemma B)

We have shown that p | y
d
⇒ p - x which is equivalent to:

p | x⇒ p -
y
d
:(90)

Lemma C. Let p1; : : : ; ps be the primes that divide d but not
y
d

. Then
if q takes p1 · · · ps, consecutive values the set of all

xq =
an
d

+ q
y
d
;

is a complete system of incongruent residues mod (p1 · · · ps), and �(p1 · · · ps) =
(p1−1) · · · (ps−1) of these values xq will be relatively prime to p1 · · · ps and
satisfy (y; xq) = 1.

Proof . Taking p1 · · · ps consecutive values of q, we have a complete sys-
tem of incongruent residues mod (p1 · · · ps). By the hypothesis p1; : : : ; ps
do not divide

y
d

, so (
y
d
; p1 · · · ps) = 1. Then by [3], Theorem 56, we have

that for these values of q, xq =
an
d

+ q
y
d

is a complete system of incon-
gruent residues mod (p1 · · · ps). Now �(p1 · · · ps) = (p1 − 1) · · · (ps −
1) of these values xq will be relatively prime to p1 · · · ps and will satisfy
(y; xq) = 1. Because if we assume towards a contradiction that

(y; xq) 6= 1;
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then there exists a prime p such that p | xq and p | y. Applying (90) we
get that p -

y
d

. But combining p -
y
d

and p | y we realize that it must

be p | d. Hence p is one of the primes that divide d but not
y
d

, that is
p ∈ {p1; : : : ; ps}. But as (xq; p1 · · · ps) = 1, it is (xq; p) = 1, which means
that p - xq and we have arrived at a contradiction. a (Lemma C)

So taking p1 · · · ps consecutive values of q we get p1 · · · ps values of xq,
and (p1 − 1) · · · (ps − 1) of these satisfy

(xq; y) = 1:

But when q takes d consecutive values, we have exactly
d

p1 · · · ps complete

systems of incongruent residues mod (p1 · · · ps), like these in Lemma C.
So in order to obtain the total number of solutions that satisfy (x; y) = 1

we just multiply (p1 − 1) · · · (ps − 1) by
d

p1 · · · ps . Consequently the total

number of solutions that satisfy (x; y) = 1 is:

d(p1 − 1) · · · (ps − 1)
p1 · · · ps = d

∏
p|d
p- yd

(1− 1
p
)

a

Definition 3B.2. Let

P (n) =
�(n)
n

=
∏

p|n

(
1− 1

p

)

and let P (n \m) denote the similar product over all primes that divide n
but not m, that is

P (n \m) =
∏
p|n
p-m

(
1− 1

p

)
:

Theorem 3B.3. For each n ≥ 2,
∑

bx
y
c =

∑

m|n

∑

(j;m)=1

P (
n
m
\ j)

∑
(k;j)=1

1≤k< m2
2nj

m
jk

+O(n log n · log log n);(91)

where the sum on the left is taken over all H-representations (x; x′; y; y′) of
n. Hence by (81),

nS(n) = 2
∑

m|n

∑

(j;m)=1

P (
n
m
\ j)

∑
(k;j)=1

1≤k< m2
2nj

m
jk

+O(n log n · log log n):(92)
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Proof. We will assume the \standard" notation (x; x′; y; y′) for H-rep-
resentations in the computation which follows.

As
n
x′y

=
x
y

+
y′

x′
, by (82) and Theorem 3B.1 we have:

∑
bx
y
c =

∑

d|n

∑
(y;n)=d
1≤y<n2

(
d · P (d \ (

y
d
))

∑
(x′;y)=d
1≤x′< n

2y

bx
y
c
)

+O(n logn)

=
∑

d|n

∑
(y;n)=d
1≤y<n2

d · P (d \ (
y
d
))

∑
(x′;y)=d
1≤x′< n

2y

( n
x′y

− y′

x′
+O(1)

)

+O(n log n):

But
y′

x′
≤ 1, so

∑
bx
y
c =

∑

d|n

∑
(y;n)=d
1≤y<n2

d · P (d \ (
y
d
))

∑
(x′;y)=d
1≤x′< n

2y

( n
x′y

+O(1)
)

+O(n logn):

If we write n = md; y = jd; x′ = kd, then

(y; n) = d so (jd;md) = d so (j;m) = 1
(x′; y) = d so (kd; jd) = d so (k; j) = 1
m2

2n
=
m
2d

1 ≤ x′y <
n
2

so 1 ≤ kj <
m
2d

=
m2

2n
and in particular, j <

m2

2n
:

Replacing these in the formula above, we get, with some work:
∑

bx
y
c =

∑

m|n

∑
(j;m)=1

j<m
2

2n

( n
m
P (

n
m
\ j)

∑
(k;j)=1

1≤k< m2
2nj

( 1
n
m
· m
kj

+O(1)
))

+O(n logn)

=
∑

m|n

∑
(j;m)=1

j<m
2

2n

P (
n
m
\ j)

∑
(k;j)=1

1≤k< m2
2nj

m
kj

+
∑

m|n

n
m

∑
(j;m)=1

j<m
2

2n

P (
n
m
\ j)

∑
(k;j)=1

1≤k< m2
2nj

O(1) +O(n logn):

So it is enough to show that
∑

m|n

n
m

∑
(j;m)=1

j<m
2

2n

P (
n
m
\ j)

∑
(k;j)=1

1≤k< m2
2nj

O(1) = O(n logn · log log n)
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Indeed,
∑

m|n

n
m

∑
(j;m)=1

j<m
2

2n

P (
n
m
\ j)

∑
(k;j)=1

k< m2
2nj

1 ≤
∑

m|n

n
m

∑
(j;m)=1

j<m
2

2n

P (
n
m
\ j)

∑

k<m2
2nj

1

≤
∑

m|n

n
m

∑
(j;m)=1

j<m
2

2n

P (
n
m
\ j)m

2

2nj

=
∑

m|n

∑
(j;m)=1

j<m
2

2n

P (
n
m
\ j)m

2j

≤
∑

m|n

∑
(j;m)=1

j<m
2

2n

m
2j

(as P (
n
m
\ j) ≤ 1)

=
∑

m|n

m
2

∑
(j;m)=1

j<m
2

2n

1
j

=
∑

m|n

m
2

∑

j<m2
2n

1
j

= O(
∑

m|n

m
2

log
m2

2n
) (using (65))

= O(log n
∑

m|n
m) (using (93))

= O(log n · n log log n) (by (60) (or [3], Theorem 323));

where

ln
m2

2n
= lnm2 − ln

n
2

= 2 lnm− ln
n
2

(93)

= O(logm) +O(log n) m≤n= O(log n): a

3C. Asymptotic Formulas

In this section we will prove some basic asymptotic formulas, which we
will then use to estimate S(n). Many fundamental number theoretic meth-
ods are used.
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Lemma 3C.1. For p prime,
∑

p|n

log p
p

= O(log log n):

Proof. Let n be divisible by k primes, so 2k ≤ n and so k ≤ log n. By
the Prime Number Theorem ( [3], Theorem 9) there exist constants c1; c2,
such that the jth prime lies between c1j log j and c2j log j. Then

c1j log j ≤ pj ≤ c2j log j ≤ c2j2 ⇒ log pj ≤ 2c2 log j
so

∑

p|n

log p
p

≤
∑

1≤j≤k

log pj
pj

= O
( ∑

1≤j≤k

log j
j log j

)

= O
( ∑

1≤j≤k

1
j

)
= O(log k) = O(log log n):

a
Lemma 3C.2.

∑

d|n

�(d)
d

ln(
1
d
) =

∑

p|n

ln p
p
P (n \ p) = O(log log n):(94)

Proof. Let n = pa1
1 · · · pakk , then for i = 1; : : : k, pi | n, so

(95) P (n \ pi) =
∏
q|n
q 6=pi

(
1− 1

q

)
=

∏
q|p1···pk
q 6=pi

(
1− 1

q

)
=

∏

q| p1···pkpi

(
1− 1

q

)

=
�(
p1 · · · pk

pi
)

p1 · · · pk
pi

=
∑

d| p1···pkpi

�(d)
d

(by (57)):

Using this we can write
∑

d|n

�(d)
d

ln
(1
d

)
= −

∑

d|n

�(d)
d

ln d

= −
∑

d|p1···pk

�(d)
d

∑

pi|d
ln pi

= −
∑

pi|n
ln pi

∑
d|p1···pk
pi|d

�(d)
d

(take h s.t. d = h · pi)

=
∑

pi|n

ln pi
pi

∑

h| p1···pkpi

�(h)
h

(as �(d) = (−1) · �(h))

=
∑

p|n

ln p
p
P (n \ p) (by (95))

= O(
∑

p|n

ln p
p

) (as P (n \ p) < 1)

= O(log log n) (by Lemma 3C.1): a
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Now we are ready to �nd the asymptotic behavior of a sum very similar
to that in Lemma 3C.1. Instead of summing over all prime divisors of n
we now sum over all positive divisors of n. Notice also that the proof does
not only use the result of Lemma 3C.1 but also extends the idea used in
its proof.

Lemma 3C.3.
∑

d|n

ln d
d

= O
(
(log log n)2

)
:(96)

Proof. By standard in�nite series arguments,
∞∑

j=1

j
pj−1

≤
∞∑

j=1

j
2j−1

<∞

and so

1 +
2
p1

+ : : :+
j

pj−1
= O(1):

By (60), we have that

�−1(
n
pj

) = O(log log
n
pj

) = O(log log n);

and by Lemma 3C.1, we have that
∑

p|n

ln p
p

= O(log log n):

If p is a prime number that divides n and j > 0 is such that pj | n but
pj+1 - n, we write pj || n.

We are now ready to prove our result: If d = pji1i1 · · · pjisis , then

ln d = ln pji1i1 + · · ·+ ln pjisis ;

and so if we write all numerators of the sum
∑

d|n

ln d
d

as sums of logarithms of powers of prime numbers, then we have the sum
of fractions with numerator the logarithm of a power of a prime number,
say pk, and denominator a divisor of n, that is a multiple of pk.

Example. Take n = p1p2
2, then

∑

d|n

ln d
d

=
ln p2

p2
+

ln p1

p1
+

ln(p1p2)
p1p2

+
ln p2

2

p2
2

+
ln(p1p2

2)
p1p2

2
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=
ln p2

p2
+

ln p1

p1
+

ln p1 + ln p2

p1p2
+

ln p2
2

p2
2

+
ln p1 + ln p2

2

p1p2
2

=
( ln p1

p1
+

ln p1

p1p2
+

ln p1

p1p2
2

)
+

( ln p2

p2
+

ln p2

p1p2
+

ln p2
2

p2
2

+
ln p2

2

p1p2
2

)

=
ln p1

p1

(
1 +

1
p2

+
1
p2
2

)
+

ln p2

p2

(
1 +

1
p1

)
+

ln p2
2

p2
2

(
1 +

1
p1

)

=
ln p1

p1

(
1 +

1
p2

+
1
p2
2

)
+

( ln p2

p2
+

ln p2
2

p2
2

)(
1 +

1
p1

)

The most important step is to show that
∑

d|n

ln d
d

=
∑

pk|n;h| n
pk

(h;p)=1

( ln pk

pk · h
)
:

We need three steps to show this. First, if d | n and d = pkh, then

ln d
d

=
ln pk + lnh

hpk

so each of the terms
ln pk

pkh
occurs. Second each of these terms occurs exatly

once, because
ln pk

pkh
can only be genearated from

ln d
d

with d = pkh because

(h; p) = 1. Third is that, obviously, no other terms occur. The key fact for
the computation that follows is that if (h; p) = 1 and pj || n then

h | n
pj
⇔ h | n

pk
:

We have
∑

d|n

ln d
d

=
∑

pj || n

j∑

k=1

∑
h| n
pk

(h;p)=1

( ln pk

pk · h
)

=
∑

pj || n

j∑

k=1

( ln pk

pk
) ∑

h| n
pj

1
h

=
∑

pj || n

( ln p
p

+
ln p2

p2
+ : : :+

ln pj

pj
) ∑

d| n
pj

1
d

=
∑

pj || n

ln p
p

(
1 +

2
p1

+ : : :+
j
pj

)
�−1(

n
pj

)

= O((log log n)2): a
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Lemma 3C.4. For every x and every j,
∑

(k;j)=1
k<x

1
k

= P (j) lnx+O(log log j):

Proof. (Missing September 20, 2005.) a
Definition 3C.5. We de�ne �d(r) as follows:

�d(r) =
{
�(r), if (d; r) = 1
0, otherwise.

Lemma 3C.6.
∑

(j;m)=1
j<x

P (j \ d)
j

= P (m) lnx
∑

(r;m)=1
r<x

�d(r)
r2

+O(log logm)

Proof. If q1; q2; : : : are all di�erent prime factors of j that do not divide
d, we obtain

∏
q|j
q-d

(
1− 1

q

)
= 1−

∑ 1
q1

+
∑ 1

q1q2
− : : : ;

by doing all multiplications on the left hand side of the equality. So by the
De�nitions 3C.5 and 3B.2, of �d(r) and P (n \m) respectively, we have

P (j \ d) =
∏
q|j
q-d

(
1− 1

q

)
=

∑
r|j

(r;d)=1

�(r)
r

=
∑

r|j

�d(r)
r

;

so

P (j \ d) =
∑

r|j

�d(r)
r

:(97)

Now the sum is
∑

(j;m)=1
j<x

1
j
· P (j \ d) =

∑
(j;m)=1
j<x

1
j

∑

r|j

�d(r)
r

(by (97))

=
∑

(r;m)=1
r<x

�d(r)
r

∑
(j;m)=1
j<x=r

1
jr

=
∑

(r;m)=1
r<x

�d(r)
r2

∑
(j;m)=1
j<x=r

1
j
;
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which by use of Lemma 3C.4 becomes,

=
∑

(r;m)=1
r<x

�d(r)
r2

(
P (m) ln

x
r

+O(log logm)
)

(as
∑
r<x

1
r2

<∞)

= P (m)
∑

(r;m)=1
r<x

�d(r)
r2

(lnx− ln r) +O(log logm)

= P (m)
∑

(r;m)=1
r<x

�d(r)
r2

lnx+O(
∑

(r;m)=1
r<x

�d(r)
r2

ln r) +O(log logm)

= P (m) lnx
∑

(r;m)=1
r<x

�d(r)
r2

+O(
∑
r<x

1
r2

ln r) +O(log logm);

but
∑
r<x

ln r
r2

= O(1), by (67), so we �nally obtain,

∑
(j;m)=1
j<x

1
j
· P (j \ d) = P (m) lnx

∑
(r;m)=1
r<x

�d(r)
r2

+O(log logm):
a

Lemma 3C.7.
∑

(j;m)=1
j<x

P (j \ d) ln j
j

=
1
2
P (m)(lnx)2

∑
(r;m)=1
r<x

�d(r)
r2

+O(log x log logm):

Proof. (Missing September 20, 2005.) a

3D. Concluding Steps

From the de�nition of P (n) it is obvious that:
P (a \ b)P (b) = P (ab) = P (b \ a)P (a)

Let N =
m2

2n
. By Theorem 3B.3, we have that

∑
bx
y
c =

∑

m|n
m

∑
(j;m)=1
j<N

P ( nm \ j)
j

∑
(k;j)=1

k<Nj

1
k

+O(n log n · log log n):

Using Lemma 3C.4, this yields
∑

bx
y
c =

∑

m|n
m

∑
(j;m)=1
j<N

P ( nm \ j)
j

(P (j) ln(
N
j

) +O(log log j));

+O(n logn · log log n)
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and as
∑

m|n
m

∑
(j;m)=1
j<N

P ( nm \ j)
j

= O(
∑

m|n
m

∑
(j;m)=1
j<N

1
j
) = O(n�−1(n) log n)

and

O(log log j) = O(log logN) = O(log log n)

We have
∑

bx
y
c =

∑

m|n
m

∑
(j;m)=1
j<N

P ( nm )P (j \ n
m )

j
ln(

N
j

) +O(n�−1(n) log n · log log n)

=
∑

m|n
mP (

n
m

)
∑

(j;m)=1
j<N

P (j \ n
m )

j
ln(

N
j

) +O(n�−1(n) log n log log n)

=
∑

m|n
mP (

n
m

)
(

lnN
∑

(j;m)=1
j<N

P (j \ n
m )

j
−

∑
(j;m)=1
j<N

P (j \ n
m )

j
ln j

)
+

+O(n�−1(n) log n log log n):

Here we can apply Lemmata 3C.6 and 3C.7

=
∑

m|n
mP (

n
m

)
(
P (m)(lnN)2

∑
(r;m)=1
r<N

�n=m(r)
r2

− 1
2
P (m)(lnN)2

∑
(r;m)=1
r<N

�n=m(r)
r2

+O(logN log logm) +O(log logm)
)

+O(n�−1(n) log n log log n)

=
1
2

∑

m|n
mP (

n
m

)P (m)
(
2(lnN)2

∑
(r;m)=1
r<N

�n=m(r)
r2

− (lnN)2
∑

(r;m)=1
r<N

�n=m(r)
r2

)
+

+O(log n log log n)
∑

m|n
mP (

n
m

) +O(n�−1(n) log n log log n)

=
1
2

∑

m|n
mP (

n
m

)P (m)
(
(lnN)2

∑
(r;m)=1
r<N

�n=m(r)
r2

)
+

+O(log n log log n
∑

m|n
m) +O(n�−1(n) log n log log n)

=
∑

m|n
mP (

n
m

)
(1

2
P (m)(lnN)2

∑
(r;m)=1
r<N

�n=m(r)
r2

)
+O(n�−1(n) log n log log n)

Recall that � n
m

(r) = (−1)s if r is the product of s ≥ 0 distinct primes none
of which divide

n
m

, otherwise � n
m

(r) = 0. If p is prime, p | r and m | n
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and (r;m) = 1 then we have that p | n if and only if p | n
m

. From this we
deduce that � n

m
(r) = �n(r). We can write lnN as

lnN = ln
m2

2n
= ln(

n
2
· m

2

n2
) = ln

n
2

+ ln
(m
n

)2

= ln
n
2

+ 2 ln
(m
n

)

So the formula becomes

=
1
2

∑

m|n
mP (

n
m

)P (m)(ln
n
2

+ 2 ln
(m
n

)
)2

∑

r<N

�n(r)
r2

+O(n logn(log log n)2)

Note that we have removed the condition (r;m) = 1. This is because if we
have (r;m) 6= 1, then as m | n we also have (r; n) 6= 1, so �n(r) = 0.

=
1
2

∑

m|n
mP (

n
m

)P (m)
(
(ln

n
2

)2 + 4(ln 2
(m
n

)
)2 + 4 ln

n
2

ln
m
n

) ∑

r<N

�n(r)
r2

+O(n log n(log log n)2)

=
1
2

∑

m|n
mP (

n
m

)P (m)(ln
n
2

)2
∑

r<N

�n(r)
r2

+O(lnn
∑

m|n
m ln

n
m
O(1))

+O(n log n(log log n)2)

because lnn > ln n
m > 0 (which follows from n > n

m > 1) and as P (n) < 1

and
�n(r)
r2

= O(1),

=
1
2

∑

m|n
mP (

n
m

)P (m)(lnn− ln 2)2
∑

r<N

�n(r)
r2

+O(log n
∑

m|n
m ln

m
n

)

+O(n log n(log log n)2):

Now by letting d =
n
m

and using (96) we have:

∑

m|n
m log

n
m

= n
∑

d|n

log d
d

= O(n(log log n)2);

and as

lnn
∑

m|n
mP (

n
m

)P (m)
∑

r<N

�n(r)
r2

= O(log n · n�−1(n));

we conclude that
∑

bx
y
c =

1
2

∑

m|n
mP (

n
m

)P (m)(lnn)2
∑

r<N

�n(r)
r2

+O(n log n(log log n)2):
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We can extend the sum on r to ∞, since by (59) (or [3], Theorem 315),
we have

d(n) =
∑

m|n
1 = O(n�) for all positive �

and

∑

m|n
m

∑

r≥N

1
r2
≤

∑
m|n
m≤√n

m
∑

r≥1

1
r2

+
∑
m|n
m>

√
n

m
∑

r≥N

1
r2

=
∑
m|n
m≤√n

m
∑

r≥1

1
r2

+
∑
m|n
m>

√
n

mO(
1
N

) (by (69))

=
∑
m|n
m≤√n

m
∑

r≥1

1
r2

+
∑
m|n
m>

√
n

mO(
n
m2

) (N =
m2

n
)

=
∑
m|n
m≤√n

mO(1) +
∑
m|n
m>

√
n

mO(1) (as m >
√
n)

= O(
√
n

∑

m|n
1) +O(

∑
m|n
m>

√
n

m)

= O(n
1
2+�) +O(n

∑
m|n
m>

√
n

1
m

) (by (59) and reversing the sum)

= O(n
1
2+�) +O(

n√
n

∑

m|n
1)

= O(n
1
2+�) (using (59) again).

So, as by standard calculus arguments (lnn)2 · n 1
2+� = O(n), we have

(98)
∑

bx
y
c

=
1
2

∑

m|n
mP (

n
m

)P (m)(lnn)2
∑

r≥1

�n(r)
r2

+O(n logn(log log n)2):

Now the basic formula we will need is

∑

r≥1

�n(r)
r2

=
∏

p-n

(
1− 1

p2

)
=

6
�2

∏

p|n

(
1− 1

p2

)−1

:(99)
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This can be seen as follows,
1
�(2)

=
6
�2

=
∏
p

(1− p−2) =
∏

p-n
(1− p−2)

∏

p|n
(1− p−2) (by Theorem 2D.7)

=
∏
p

(1 + �n(p)p−2 + �n(p2)p−4 + : : : )
∏

p|n
(1− p−2)

=
∞∑
r=1

�n(r)r−2
∏

p|n
(1− p−2) (by Theorem 2D.8)

see [3] §17.2, §17.4, §17.5
It remains to evaluate

∑

m|n
mP (

n
m

)P (m);

but this is a multiplicative function. To see this take a; b such that (a; b) =
1. If m1 | a, and m2 | b, then (m1;m2) = 1 and m1m2 runs through all
positive divisors of ab. Since �(n) is multiplicative by Theorem 2B.9, we

also have that P (n) =
�(n)
n

is multiplicative, so as (
a
m1

;
b
m2

) = 1,

P (
ab

m1m2
) = P (

a
m1

)P (
b
m2

):

So
∑

m|ab
mP (

ab
m

)P (m) =
∑
m1|a
m2|b

m1m2P (
ab

m1m2
)P (m1m2)

=
∑
m1|a
m2|b

m1m2P (
a
m1

)P (
b
m2

)P (m1)P (m2)

=
∑

m1|a
m1P (

a
m1

)P (m1)
∑

m2|b
m2P (

b
m2

)P (m2):

So it su�ces to do the evaluation when n = pk:
∑

m|pk
mP (

pk

m
)P (m) =

∑

0≤j≤k
pj
�(pk−j)
pk−j

�(pj)
pj

=
∑

0<j<k

pj
(
1− 1

p

)2

+ (p0 + pk)
(
1− 1

p

)

=
∑

0≤j≤k
pj

(
1− 1

p

)2

+ (p0 + pk)
((

1− 1
p

)
−

(
1− 1

p

)2)
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=
(
1− 1

p

)2 k∑

j=0

pj + (1 + pk)
((

1− 1
p

)
−

(
1− 1

p

)2)

=
(
1− 1

p

)[(
1− 1

p

)pk+1 − 1
p− 1

+ (1 + pk)
(
1−

(
1− 1

p

))]

=
p− 1
p

[p− 1
p

pk+1 − 1
p− 1

+
1 + pk

p

]

=
p− 1
p

[pk+1 + pk

p

]
= pk

p− 1
p

p+ 1
p

= pk
p2 − 1
p

= pk
(
1− 1

p2

)

So for n = p1
k1 · · · plkl , we get

∑

m|n
mP (

n
m

)P (m) = p1
k1 · · · plkl ·

(
1− 1

p1
2k1

)
· · ·

(
1− 1

pl2kl
)

= n ·
∏

p|n

(
1− 1

p2

)

(98) becomes by use of (99):
∑

bx
y
c =

1
2
(lnn)2

∑

m|n
mP (

n
m

)P (m) · 6
�2

∏

p|n

(
1− 1

p2

)−1

+O(n logn(log log n)2)

=
1
2
(lnn)2n ·

∏

p|n

(
1− 1

p2

)
· 6
�2

∏

p|n

(
1− 1

p2

)−1

+O(n logn(log log n)2):

So �nally
∑

bx
y
c =

3
�2
n(lnn)2 +O(n log n(log log n)2):

And by means of Corollary 3A.8, we get Theorem 3A.5:

S(n) =
6
�2

(lnn)2 +O(log n(log log n)2):

Remarks

It is very interesting to reproduce some remarks and further references
from [1] and [10].
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The metric theory of continued fractions has been established by studies
of Gauss, L�evy, Khinchin, Kuzmin Wirsing and Babenko. However these
results are not of much help with the discrete counterpart of the contin-
ued fraction algorithm, i.e. the Åuclidean algorithm for positive integers,
since rational inputs have measure zero. The standard Euclidean algo-
rithm was �rst discussed independently by Heilbronn [4] and Dixon [1970,
1971]. While Heilbronn used combinatorial methods, Dixon used probabil-
ity. Much later Hensley [1992] showed that the number of division steps
done by the Euclidean algorithm over all pairs (m;n) with 0 < m ≤ n ≤ x is
asymptotically normally distributed, with mean close to 12(log 2)�−2 log x.

Plankensteiner [1970] counted the number of pairs (m;n) for which the
Euclidean Algorithm takes k steps.

A quite di�erent approach, that can deal with many euclidean-like algo-
rithms and gives also, apart from the mean value, the moments of order k
was proposed by Vall�e [12].





APPENDIX: MORE ON H-REPRESENTATIONS

We have already de�ned what an H-representation is (recall De�nition 3A.6)
and we have used H-representations in Theorem 3A.7. Here we will inves-
tigate some further aspects of the notion of an H-representation.

If 0 <
m
n
<

1
2

and

m
n

= =0; q1; q2; : : : ; qr; 1= =
Qr(q2; : : : ; qr; 1)
Qr+1(q1; : : : ; qr; 1)

then by (79), we have q1 > 1.
Let d = (m;n). Using Theorem 1D.4 we obtain n = d·Qr+1(q1; : : : ; qr; 1).

On the other hand,

=0; 1; qr; : : : ; q2; q1= =
Qr(qr; : : : ; q2; q1)
Qr+1(q1; : : : ; qr; 1)

;

thus if we multiply both the numerator and denominator of the fraction
with d, we have that

=0; 1; qr; : : : ; q2; q1= =
m′

n

and from Theorem 1D.4, it follows that (m;n) = (m′; n) = d.

As 0 <
1

=qr; : : : ; q2; q1=
≤ 1, we have 1 < =1; qr; : : : ; q2; q1= ≤ 2. The

equality would hold if and only if r = 1, qr = 1, that is if
m
n

= =1; 1= =
1
2

,

which is impossible from the hypothesis. Hence
1
2
<
m′

n
< 1.

In this way we establish a 1-1 correspondence m ↔ m′ between the
natural numbers in the open intervals (0;

1
2
n) and (

1
2
n; n).

m = n · =0; q1; : : : ; qr; 1=; m′ = n · =0; 1; qr; : : : ; q1=; q1 > 1
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H-representations can be described through two parallel recursions, the
one going up and the other down.

{m; r} ↔ {m
′

d
; d;

n−m′

d
; d}:

and recursively, if

{m; j} ↔ {xj ; x′j ; yj ; y′j}

then

{m; j − 1} ↔ {yj ; qjx′j + y′j ; xj − qjyj ; x′j}:

The basic remark is that we actually have two pairs

{xj ; yj} = {yj−1 + qjxj−1; xj−1}
{x1; y1} = {q1; 1}

and

{x′j−1; y
′
j−1} = {qjx′j + y′j ; x

′
j}

{x′r; y′r} = {d; d}

that can be constructed recursively independent of each other. The idea is
to \entangle" two recursions -one going down and another going up- in one
quadruple. In this way we split the \information" about the qis occurring

in the continued fraction representation of
m
n

and
m′

n
in two parts:

yj
xj

= =0; qj ; : : : ; q1=; q1 > 1

y′j
x′j

= =0; qj+1; : : : ; qr; 1=:

The construction of {xj ; yj} parallels the continued fraction process for
m′

n
and the construction of {x′j ; y′j} parallels the continued fraction process for
m
n

.
If we write down the Euclidean algorithm for the pair {n;m} and the

Euclidean Algorithm for the pair {n
d
;
m′

d
} we have:
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n = q1 ·m+ r1
n
d

= 1 · m
′

d
+ r′1

m = q2 · r1 + r2
m′

d
= qr · r′1 + r′2

r1 = q3 · r2 + r3 r′1 = qr−1 · r′2 + r′3
...

...
rr−3 = qr−1 · rr−2 + d r′r−3 = q3 · r′r−2 + r′r−1

rr−2 = qr · d+ d r′r−2 = q2 · r′r−1 + d
d = 1 · d+ 0 r′r−1 = q1 · d+ 0

this gives a very practical algorithm that allows us to compute H-representations
even by hand and bears great similarity to the algorithm Bezout introduced
to express the gcd of two numbers as their linear combination.

n = q1 ·m+ r1
n = q1(q2 · r1 + r2) + r1 = (q1q2 + 1) · r1 + (q1)r2

n = (q1q2 + 1) · (q3 · r2 + r3) + (q1)r2 = (q1q2q3 + q3 + q1) · r2 + (q1q2 + 1)r3)
...

{m; 1} ↔ {q1;m; r1; 1} = {r′r−1;m; r
′
r; 1}

{m; 2} ↔ {q1q2 + 1; r1; q1; r2}
{m; 3} ↔ {q1q2q3 + q1 + q2; r2; q1q2 + 1; r3}

...

{m; r} ↔ {m
′

d
; rr−1;

n−m′

d
; rr} = {m

′

d
; d; r′1; d}

Example. Take n = 720, m = 153 then

m
n

= =0; 4; 1; 2; 2; 1; 1=

so r = 5 and

m′

n
= =0; 1; 1; 2; 2; 1; 4= =

423
720

from which we get m′ = 423, d = (m;n) = (m′; n) = 9
The continued fraction process (Åuclidean algorithm only the two last

divisions di�er slightly) for the pairs {n;m}, {n;m′} and {nd ; m
′
d } is:
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720 = 4 · 153 + 108 720 = 1 · 423 + 297 80 = 1 · 47 + 33
153 = 1 · 108 + 45 423 = 1 · 297 + 126 47 = 1 · 33 + 14
108 = 2 · 45 + 18 297 = 2 · 126 + 45 33 = 2 · 14 + 5
45 = 2 · 18 + 9 126 = 2 · 45 + 36 14 = 2 · 5 + 4
18 = 1 · 9 + 9 45 = 1 · 36 + 9 5 = 1 · 4 + 1
9 = 1 · 9 + 0 36 = 4 · 9 + 0 4 = 4 · 1 + 0

From this we obtain the H-representations:
720 = 4 · 153 + 108
720 = 4 · (1 · 108 + 45) + 108 = 5 · 108 + 4 · 45
720 = 5 · (2 · 45 + 18) + 4 · 45 = 14 · 45 + 5 · 18
720 = 14 · (2 · 18 + 9) + 5 · 18 = 33 · 18 + 14 · 9
720 = 33 · (1 · 9 + 9) + 14 · 9 = 47 · 9 + 33 · 9

{m; 5} ↔ {47; 9; 33; 9}
{m; 4} ↔ {33; 18; 14; 9}
{m; 3} ↔ {14; 45; 5; 18}
{m; 2} ↔ {5; 108; 4; 45}
{m; 1} ↔ {4; 153; 1; 108}
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